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Abstract

We first give an interpretation for the conditioning to stay positive (respectively, to die at
0) for a large class of Lévy processes starting at x > 0. Next, we specify the laws of the
pre-minimum and post-minimum parts of a Lévy process conditioned to stay positive. We show
that, these parts are independent and have the same law as the process conditioned to die at 0
and the process conditioned to stay positive starting at 0, respectively. Finally, in some special
cases, we prove the Skorohod convergence of this family of laws when x goes to 0.
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1. Introduction

Lévy processes conditioned to stay positive have been introduced by Bertoin (1991,
1992, 1993). These processes bear the same relationship to the (unconditioned) Lévy
processes as the three-dimensional Bessel process to the real Brownian motion. In this
article we start with the construction of the conditioned process. Typically, we condition
the Lévy process starting from x > 0 to stay positive up to an independent exponential
time of parameter ¢ and then let ¢ — 0+. Formally, the Lévy process conditioned to
stay positive is defined as a h-process associated to the Lévy process killed when it
exits from the half-line (0,0). In Section 4, we introduce and study the Lévy process
conditioned to die at O which is another natural h-process associated to this killed Lévy
process. In some special cases, it can be thought of as the Lévy process starting at
x > 0, killed when it enters into the half-line (—o00,0) and conditioned to visit all the
intervals (0,¢), ¢ > 0. We also establish a connection via time-reversal between the
Lévy process conditioned to die at 0, and the dual Lévy process conditioned to stay
positive.

In Section 5, we generalize the decomposition at the minimum of three-dimensional
Bessel process (due to Williams) to Lévy processes conditioned to stay positive. We
show that when the latter starts at x > 0, conditionally on the value at its minimum,
its pre-minimum part has the same law as the Lévy process conditioned to die at 0
and its post-minimum part has the same law as the Lévy process conditioned to stay
positive and starting at 0. Such a result was already shown by Chaumont (1994a) for
spectrally positive Lévy processes.
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These conditionings have many important applications in the stable case (Marsalle,
1995; Chaumont, 1994b). In particular, these results are used to give a rigorous defi-
nition for normalized excursion, meander and bridge and to prove some links between
these processes by Chaumont.

2. Notations

Let D([0,00)) (resp. D([0,¢]) for ¢t > 0) be the space of c.a.d.lag. paths o :
[0,00) — R U {8} (resp. @ : [0,7] — R U {8}) with lifetime {(@) = sup{s :
ws # 0} where & is a cemetery point. D([0,00)) will be equipped with the Skohorod
topology, with its Borel g-algebra F, and the natural filtration (F;)s>0.

Let X be the coordinate process, 6 the usual shift operator and k the killing operator
defined by

X(w) if s <t
é if s>t

X, X, X will be respectively the past supremum, the past infimum and the future
infimum process of X. That is for all ¢ <

X, = sup {X; : 0<s<t},
X, =inf {X; : 0<s<1t},
X =inf {X; : s>¢}.

=
We denote by m the last instant at which X attains its absolute minimum, t, will be
the entrance time into a Borel set A CR and o, the last exit time from this set,

m=sup{s < {: X, =X},
14 =inf {s > 0 : X; € 4},
g4 =sup{s < {: X; € 4},

with the convention,
inf {0} = 400 and sup{@}=0.

For every x € R, we denote by P, the law of a Lévy process starting at x; and for
every positive random variable 7, P! will be the law of the process X o k; under P,
(we set P := Pp). Subordinators will be excluded in the sequel.

We end this section by recalling some basic results on the process reflected at its
past minimum and the process killed at its first exit time from the half-line [0, 00).

If (X,P) is a Lévy process then X — X is a Markov process (Bingham, 1973). If
moreover 0 is regular for (—o0,0) (i.e. P(t(—0) = 0) = 1), we can define L, the local
time at 0 of the process X — X and z, its right continuous inverse. The Itd measure of
excursions away from 0O of the process X — X will be denoted by n.
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According to Silverstein (1980), under the hypothesis :

1. the semigroup of the process (X,[P) is absolutely continuous,
(H) 2. limX, = 400, as.
3. 0 is regular for (—00,0) under P,

there exists a version of the potential density of the subordinator (—X; );»¢ which is
harmonic for the process (X, Py~ ="), x > 0 (i.e. the process (X,P) killed when it
leaves [0,00), to simplify the notation we put Q, = Py ~>”). Moreover, the function
h given by

oo
h(x) I=|E(/ ]{_/\:,B—X} dL,), x=0 (1)
0
is invariant for this process and the potential density of (—X: )0 is #'. We denote

by (p:)i»0 the semigroup density of (X, P) and by (g,),>0 that of the process (X, Q,).
That is, for every bounded measurable function f, and =0 :

E(/(X)) = /0 )P y) dy, x€R,

EQ(/ (X)) (<)) = /0 Farxy) dy, x> 0.

Henceforth, (X,P) will be a Lévy process which satisfies the hypothesis (H).

3. Process conditioned to stay positive

Under (H), the function 4 is invariant and the semigroup:

h(y)
h(x)

Pl(%,y) = =g, ), xy >0, 20 (2)
is Markovian according to (Dellacherie and Meyer, 87, section XV 1.28.). with semi-
group ( p,T )i>0. For each x > 0, we denote by P] the law of the strong Markov process
with semigroup ( p,T );>o which started at x, i.e.

PI(A) = %}C)Eg(h()(})l,\l{,q}), x>0, t=20, AeF. (3)
Because # is invariant, the canonical process has an infinite lifetime under P]. (X,P])
is called the Lévy process starting at x and “conditioned to stay positive”. This section
is devoted to give a rigorous interpretation for this terminology. Notice that in the
Brownian case, we have A(x) = x and the process (X,P]) corresponds to the three-
dimensional Bessel process starting at x. Finally, let us mention that the results of this
section are continuous time analogues of those of Bertoin and Doney (1994) on the
conditioning to stay positive for random walks.

Now, we show that P! corresponds to the limit as & goes to O of the law of
the process conditioned to stay positive up to an independent exponential time with
parameter &.
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Theorem 1. Let ¢ be an independent exponential time with parameter 1. For all
x>0 t20and A € F,

liII(l) P(At < efe| X, > 0,0<s<e/e) = PI(A).

Proof. Let n be the law of the excursions away from 0 of the process X — X, then
by the exit formula of excursion theory, we get for all ¢ > 0,

o0

&
Pi(t(-00) > e/e) = PX,, > —x)=E / e I{X,z— _,) n(e/e < (),

0 A,

so that, by monotone convergence
PX,,> —x)
Xoe2 _
= h(x). (4)

e—0 n(e/s < C)

Next, according to the Markov property and the lack-of-memory property of the expo-
nential law, we have

PX,(T(—oo,O)Ze/E)>

PN, t < efe| X, >0, 0<s<ele)=E, (lAl{t<(e/£)/\‘t(_°°,0)} Pt —ou0) > €/2)
X —o00,0) =

By (4) and Fatou’s lemma we get

liminf Px(A, £ < e/e| X, > 0, 0<s<e/e) >, — E°(h(X,)1A1{,<G)

h(x)
Replacing A by A° in this inequality, we obtain

1
h—(x—)ES(h(X,nAA{KC})gl — limsup P,(A, ¢ < e/e| X; > 0, 0<s<e/e).
e—0

Since 4 is invariant for the semigroup (g;);»0, we have E?(h(X,)l{Kg}) = h(x). This
identity and the preceding inequality imply
1
mE}}(h()(,)l,\1{,<¢})> limsup Py(A, t < efe| X, > 0, 0<s<e/s),
e—0

and it ends the proof of the theorem. [

Remark 1. Under Spitzer’s condition, (i.e. there exists o € (0,1) such that

=00

t
lim ¢! / PX;<0)ds = a),
0

for every x > 0, the function s — P,(7(—o00) > ) is regularly varying at co with index
—a (Bertoin, to appear, Theorem V.18). Therefore, we can replace the exponential time
e/e by a deterministic time s in the preceding proof and then strengthen the statement
of the Theorem to :

lim P(A|X, > 0,0<u<s) = Pl(A),
S—00

In particular, this condition is fulfilled when (X, P) is stable, (see Section 3).
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The following result is related to Corollary 3.2 of Bertoin (1993). He showed that
the law of the post-minimum process of (X, P) killed at ¢+ > 0 converges as ¢ goes to
0o to a Markovian law under which X starts at 0 and has semigroup p; .

Theorem 2. (Bertoin). Let P be the law of the post-minimum process
{Xnsu — Xn, 0<u < { —m} under P° then,

lim P(A, 2 < {) = PI(A),

where P! is a Markovian probability measure such that the process (X,P") starts at
0 and has transition semigroup p,T.

In Section 3, we are going to prove that, in some cases, this law corresponds to the
limit in the Skohorod sense of the law P! when x | 0. Henceforth, we set P! = pT.
It follows readily from Theorem 1 that for every x =0,

Pl(Xo =x; {=+4o0; X, > 0, for all ¢ > 0; Jlim X, = +o00) = 1.
—00
Bertoin (1993) has given a pathwise construction of the process (X, P"). For example,
when (X,P) has no Gaussian component, this process is obtained from X by the
juxtaposition of its excursions in (0, c0).

Next, we show the absolute continuity between PT and the law of the excursions
away from O of the process X — X. Recall that their law is denoted by n.

Theorem 3. The entrance law of (X,P1) is given by
E'(H,) = n(HAX) <)

for any adapted process H.

Proof. For every s > 0, define g :=sup{u<s : X, =X,}., d,:=inf{uzs : X, =
X,} and G={g :g, #d,u > 0} then by Maisonneuve’s exit formula, we have
for any t > 0 and A € F,,

[}:_Di/t:(A,t < C) = [EE/E(IA o kc_g: o ng{]{t<é})

d,
—F Ze—ss/ Ee-—t:(u—s)lA oky_go0 0;1{t<u} du

SEG

E (/ e ¥ dLs) ﬂ(lAl{t<e/e<C})
0

E (/ e e dLs) n(1,Qx,(e/e < Dlp<gy)s
0

where ' stands for the operator given by 6/(w) = 6;(w) — w,; and

E (/Ooo e d;s) = n(efs < ).

Finally, we get the result by (4) and monotone convergence. [J
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We end this section with the computation of the dual predictable projection of the
local time at 0 of the process (X —X, PT). At first, we state the following lemma, lifted
from Bertoin (1991), which links the reflected processes (X — X,PT) and (X — X, P)
via time reversal. Therefore, since we have a thorough knowledge of (X — X, P), we
will be able to study X — X.

For every ¢ > 0, define g, := sup {s<t : X, = X,}, d, :=inf {s>¢ : X, = X,} and
introduce the process

_ X = X)gos . itd >3,
X_ = (di+g,—1) "~ t
R( X)) {0 itd, =g,

obtained by reversing each excursion of (X — X).

Lemma 1. (Bertoin). Under PT the process {(X — X, X);, t>0} has the same law
as the process {(R(X —X), X3 ), t=0} under P.

We first deduce from this lemma that the set {s, X, —X = 0} is regenerative. Thus,
by the Maisonneuve’s theory of the regenerative sets (see Ecole d’été de Saint-Flour,
1991;) there exists a local time L on {s, X, —X = 0}. We normalise it by the formula
[ET(L ) =e*(L;) = r*({ A1) (the * refers to the dual process (—X,P)). Its right
contmuous inverse will be denoted by z, and n will stand for the exit measure from 0
of the process X — X defined as by Maisonneve (1974, p. 284).

The filtration generated by the process X —X is different from the filtration generated
by the canonical process X. It contains some information of the future but simultane-
ously, information on the jumps of X across its future infimum has been lost in the
expression X — X It is therefore interesting to compute the dual predictable projection
of the local time L on the canonical filtration.

Proposition 1. The dual predictable projection of dL_is ds/h(X;) ie. for any pre-
dictable process H.

o ([ ) =v (] )

Proof. By a result of Millar (1977), the pre-minimum and post-minimum processes
(ie. {X,,0<t < m} and {X;p — X, 0<t < { —m}) are independent under PZ* for
all ¢ > 0 (see also Greenwood and Pitman, (1980). It follows from Theorem 1 that
the same result holds under P! for all x > 0.

Next, pick + > 0 and define g := sup{s<7 : X, = ,Ks} and gt = inf{s>¢ :

=t i -

X=X S}. Then by the Markov property applied at ¢ under the law PT and the
independence between pre-minimum and post-minimum parts of the process (X, [F"(T“)
we can show that the process {Xd e Xd s=0} is independent of fd under PT.
Then we can apply to the filtration { (.7-'d ),>o 'Maisonneuve’s theory of regeneratlve sets.

More precisely, let H be a Fj —predlctable process, then by the same arguments as in



L. Chaumont| Stochastic Processes and their Applications 64 (1996) 39-54 45
the Theorem on p. 284 of Maisonneuve (1974), we can show the following formula:

Bl ) = E' (/OtHug(t—u<C) déu) . ()

On the other hand, by the exit formula of excursions theory we get, for all bounded
measurable functionals F,

E(F 0 kg © 0y ) = EF({(X — X)g 1, 0<s<t = g,}))

:[E(/ E(Fokt—u;g> t_u)dLu>
0

t
:/ M 0k, > 1 — win(u < 0) du,
0
where n* stands for the law of the excursion away from O of the reflected dual process

X* - X*, (X* := —X). Applying successively Lemma 1, the preceding equality and
Theorem 3 we get

E(Fokg)=E(F oki—g 0 y)

=/ B(F 0 kit —u < On*(u < {)du
0

—_ ! tFOkt—u * )
=E (/0 h(l\,t—u)ﬂ (u < {)du

— T tFOk“ _ ) *%
o (/O ot~ u < O)du) (%)

As a consequence, if H is a predictable process then by (x) and (**), we have

El(Hg )=F' (/’Hug(t—-u < C)déu>
= 0

=F /hg’,‘u)g(t— u < {)du
0

and the result follows. O

4. Process conditioned to die at 0

Recall that according to Silverstein (1980), under hypothesis (H), the excessive
version of the potential density of the subordinator —X; is harmonic for the semigroup
(g:)i>0. Since for all x > 0, A(x) represents the pote;tial of the interval [0,x], A’ is
A — a.e. (A being the Lebesgue measure) derivative of the invariant function A. With
abuse of notation, we denote it by 4.

To define a new h-process associated with (g;),>¢ and the function #’ as in (3) (the
state space is (0,00)), we need to check that 4’ is positive and finite.

Lemma 2. For all x > 0, 0 < W' (x) < oc.
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Proof. Pick x > 0, then since A’ is (g;)-excessive, we have
EPO () (1o _up}) SH(0),

that is to say

x
| o nar<ne.
Suppose K'(x) = 0, then the identity, [; A'(y)q:(x,y)dy = 0 implies #'(y) = 0,
q:(x, y)dy — a.e. But #’ is lower semicontinuous, hence A’(y) vanishes for all y in the
support of the measure ¢,(x, y)dy. This measure has no atom so that there exists an
interval (a,b) C(0,00) which is included in its support. Recall that 4’ is the potential
density of the dual ladder height process (—X );»o. Since K’ vanishes on (a,b), this
interval is then polar for (—X; );»o which is impossible because this subordinator is
not a compound Poisson process.

It is obvious that 4’ is A—a.e. finite on (0,00). Let (a, b) be an open interval included
in (0,00) and set

a=essup b, =inf{y >0: 4 <y A-aeon(ab)},

then since A’ is lower semicontinuous, (a,b) N {A’ > «} is open. But this set is polar
for the dual ladder height process and hence it is empty. [J

According to Dellacherie and Meyer (1989), Section XVI .28 the semigroup

H(y)
R (x)

PO Y) = man y), Xy >0, 120 (5)
is sub-Markovian. The h-process associated with A’ is then a strong Markov process
with semigroup ( p,\‘ )i>o. For each x > 0, we denote by P> the law of this process
starting at x, i.e.

1

N o
PM(A,t < ()= o

EQ(H (X)Ialgen), x>0, 20, AcF. (6)

In the next proposition, we show that this process approches 0 at its lifetime, i.e.
(X,P>) reaches all the intervals (0,1/n), n € N* before dying at 0. We then call
(X,P,>) the Lévy process starting at x > 0 and conditioned to die at 0. Notice that if
(X, P) has no negative jumps, then A(x) = (cste) - x, (see Chaumont, 1994a), and then,
PN = Q,.

Propesition 2. For all x > 0,

P;\(Xo:x; {<o0; Xy >0, forall t <{; X;-=0)=1.

Proof. First, we show that for all x > 0, PX\(C < o) = 1. It suffices to prove
that lim,_,.c Px(¢t < {) = 0 which is equivalent to lim,_o ES(#'(X;)1;<(;) = 0.
(I{<g3P' (X0))i»0 is a positive Q,-local martingale, hence the function ¢ — E?(l{,<c}h’
(X;)) decreases. Next, for all x > 0, set Y(x) = lim,_, o E?(l{,<¢}h’(X',)). Then we
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verify by the Markov property and the Lebesgue’s dominated convergence theorem,
that y is invariant for (g;);»¢. Moreover, A’ >, but according to Silverstein (1980),
h' does not dominate any nontrivial positive invariant function. It follows that ¥/(x) = 0
for all x > 0.

Now, let M* = (0,1/n] U [z,00), for n € N* and z > 0 then - = 70, 1/n) A Tjz,00)-
By Section XVI. 29.2 of Dellacherie and Meyer, 1987), formula 6 extends to all F;-
stopping times. Therefore,

1
R (x)
Moreover, by the harmonicity of #’, this probability is 1. (See Silverstein (1980) for

the definition of the harmonicity of A’.)
Let z goes to +oo. Then by monotone convergence, we get

P> (t0am < O =1.

Now, set T :=inf {t>0 : X,_ = 0 or X, = 0}. Since the process (X,P,>) has left
limits on (0,{) and P (t01m < { < 00) = 1, for all n € N*, then T<(, P>-as.
Finally, PX(T < {)=Q(T < {)=0. O

Pty < ()= EQ(H (Xey: ) (04 <0})-

Under some hypothesis of regularity on the function #’, the h-process (X,P,>) can
be defined as (X, Q,) conditioned to visit all the intervals (0, 1/r), n € N*. For example
when (X, P) is stable with index o € (0,2], we deduce from Bingham (1973) and (4)
that 4’ is given, for all x > 0, by

B(x) = cx*1=n-1, (7)

where c; is a constant given by (1) and p := P(X; >0). (See also Bertoin, (1994).
Another case where 4’ has an explicit form is when the process (X,[P) creeps down-
ward. By a result of Millar (1973), if P(X;__ ., =x) > 0 for a level x < 0, then this
probability is positive for all negative levels. In that case, one says that (X, P) creeps
downward. The function 4’ is then continuous and positive on (0,00), #'(0) > 0 and
for all x > 0,

H(x) = PX:_, = —x)/H(0). (8)

(See Bertoin, to appear, Chap. VI, 19.) In this case, we see that the law [P’;\ can be
defined directly by

P;\ = Qx( |XT(~00,O) =0).
Proposition 3. If i’ is continuous then for all x > 0, f > 0, t=0 and A € F,,

—T(—00,0)—

lim Po(A, £ < T(—c0) | X <e) = P (At < t0p))-

Proof. First, we show that for all positive reals x and y

lim PX(X—T(—oo.o)— <¢) = H(x)
P, _, <&) KO

9
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Pick & > 0 and denote by n the Lévy measure of (—X; )r»o. Set T ooy = inf{r=>0/ —
X, >x} and for all z > 0, 7(z) = 7([z,00)) then

P"(/Xf(foom— <) = lp(XIT(.r.oo)f Se-x),

so that, by Bertoin, Proposition II, 2 (1996)
X o0
P L, <= [ [ KONy ndz =)
X—EJX

=/fwmv~ymy

0
But we have assumed that %’ is continuous, so for all x > 0,
_ Jy O (x = y)dy
m — =
=0 [y E(y)dy
Now, by the Markov property applied at time (g, ), we have

PX‘(o,m(A—/T(—oom— SS)
Px(At < T(—cop) |)—(f<—oo,0)— <) = B | Las<uwop) P(X <é)
x -

=T(—00

W(x).

and by Fatou’s lemma and (9)

hI(XT(o,ﬁ))>

lll;n_}élf Px(A,t < T(—o0,f) |/XT(_DO,0)_ <e)= Ex (I{A,t<r(-w,ﬁ)} R (x)

Since 4’ is harmonic, we have E?(h’(XT(Oﬁ))) = K'(x) and replacing A by A° in the
preceding inequality, we obtain

lim sup Pr(A, ¢t < T(—oo,p) I)_(r(

e—0

B (X))
—000)— <8)<[EX (1{A”<T(—oo,/!)} h’(;;) ) :

Finally, by the Markov property applied at time ¢ and the identity EQw Xeop)) =
' (x),

B (Xeop) H(X,)
k. (I{A,t<t(_m,ﬁ)} h'()(:;) ) = [y (1{A,t<‘[(_oo,[i)} h’(x)) :

(X,P*) will stand for the dual process (—X,P). Let ( pf\),>0 be the semigroup
of (X,P:), x > 0 which is the process (X,[P}) conditioned to die at 0. The next
results are duality and time-reversal relations between the processes (X, PT) and (X,n)
on the one hand and the process (X, P} ™), x > 0 on the other hand. It extends a time
reversal result of Williams (1974). A three-dimensional Bessel process starting from
0, and returned at its last exit time from x > 0 is equal in law to a killed Brownian
motion starting from x > 0. Bertion (1992, Theorem 1) also extended this result to
spectrally positive Lévy processes.

Recall that R is a return time if

Rof, =R—-1t)" as, forall 1=0,
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then we have the following direct consequence of the result of Nagasawa (1964):

Theorem 4. 1. If R is a finite return time then under PT, the reversed process
{X@&-0-, 0<t < R} is Markovian and has for semigroup ( 2 > )0

2. Let ﬁ be the “law” of the reversed process {X_,—,0<t < [} under n then é
is a Markovian law with semigroup ( pf\‘),go.

Proof. By the duality between (g,);>0 and (g; );»¢ with respect to the Lebesgue mea-
sure one has for f and g € Cx(R,) :

1

o) N B oo 1 _ oo .
| reomlawnas = [ rosabaene s = [ g ream s

Therefore the semigroups ( p,T )i»0 and (g} ;>0 are in duality with respect to the mea-
sure 1(,50)h(x)dx. Moreover, by Silverstein (1980), Eq.(3.3)) the potentiel of the
measure r is given by

4 oo
a( /0 f(Xs)dS> - /0 Foh (2 d, (10)

where #* is the invariant function associated with the dual process. Then, by Theorem
3, we deduce the potentiel of the probability P :

7 = _ . oo *
E ( /0 f(Xt)dt) (cste) /0 SOOI () dy .

Applying the result of Nagasawa (1964) (see also (Dellacherie et al., 1992, Section
XVIIL 47), we get that under PT the process {Xz_,—,0<t < R} is Markovian and
has semigroup

R (y)
h*l(x)qt

(xy) xy>0.

The second statement is also a consequence of the duality between the semigroups
( p,T }>o0 and (g} )i»o. Definition 5 and the result of Nagasawa (1964) applied to the
return time {. O

If (X, P) does not creep downward, one sees that it is also the case for the process
X and therefore all the excursions of the reflected process X — X have a negative jump
at their lifetime. Then we deduce from the following and Theorem 4 an analogous
result to Theorem 3.4 of Williams (1974).

Corollary 1. Suppose that (X,P) is a Lévy process which does not creep downward
such that single points are not polar (in particular, P1(1, < co) > 0, for all x > 0).
Suppose moreover, that the half-line (0,+00) is included in the support of the Lévy
measure of (X,P), then under P1(-|1, < o0), the law of the canonical process killed
at its last exit time from x > 0 {X;, 0<t < o,}, is a version of the conditional law
n(- | X;- = x).
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Proof. Since (X, P) does not creep downward, the support of the law of X;_ under n
equals to R%. Since single points are not polar, we easily prove that PT(z, < co) > 0
for all x > 0. In that case the last exit time o, is a finite return time under PT(- |1, <
00). Then we can apply the preceding lemma. [

5. Splitting at the minimum of the process (X, ]Pl)

In the following theorem, we use the results of the preceding sections to decompose
the process (X,P]) at its minimum. In the Brownian case, this decomposition is due
to Williams (1974).

Theorem 5. Under P], x > 0, the pre-minimum and post-minimum processes (i.e.
{X,,0<t < m} and {Xy4m — Xm, 0<t < { — m}) are independent. Moreover

1. The process (X,P]) attains its absolute minimum X,, once only. There is no
Jjump at m and the law of X, is given by

W= y),
h(x) {r<x}-

Pl > y) =
2. Under P], conditionally on X,, = a, the pre-minimum process has the same law
as X + a under P>,
3. Under P}, the post-minimum process has law P.

Proof. When (X,P) is not a compound Poisson process, it has a unique minimum on
any finite interval. Recall that by a result of Millar (1977), pre-minimum and post-
minimum processes are independent under [F°§/ * for all ¢ > 0 (see also Greenwood
and Pitman 1980). Moreover, provided 0 is regular for (0,00), it reaches its minimum
continuously, i.e. Pfc/ *(Xm # Xm_) = 0. According to Theorem 1, the same results hold
under P].

Let 0<y < x then,

Pl(Xn > y) = Pl(t0,1 = +00) = lim Pl(t(05) > Tjns yo0) -

Moreover, applying the optional sampling theorem to the positive Q,-martingale
(A(X:)):>0 (or by Dellacherie and Meyer, 1987, Section XVI. 29.2) we get for n € N*:

1

PJI(T(O,y] > T[n+y,oo)) = h(x)‘Ex(h(XT[,.ﬂv,oo))I{I(Aoo,y]>1:[,,+y,oo)})
1 hx—y) 1 (X +)
= —[E _ X = — —_—
ey P ¥ D > eoe) = 57 b\ T,

Recall that d# is the potential measure of the subordinator ((X¢, )s=0, PP). We then have

h(X‘E[,,_oo) + y) _

1 + h(X‘[[,,'OQ) + y) - h(XT[n,oo))
h(X, B

h(X:

[n,00) ) [n,oo))
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and since h(x + y) — h(x) <h(y), for all x>0 and lim,_ ch(Xy, ) = 00, [P’;_y —as,
we can apply the Lebesgue’s dominated convergence theorem in the preceding equality
to conclude

h(x ~ y)

lm P01 > Tnenoe)) = 50

Next, we will use Theorems 1 and 4 to determine the law of the pre-minimum
process under P]. Let H be a bounded measurable functional and e an independent
exponential time with parameter 1. Then, on the one hand, by Theorem 1, we have

limg_.o+ E*(H © ki | Xp > 0) = EN(H 0 k) -
On the other hand,

___r
VX > 0)

1 °
*m/ s EH o kg Lix >0p) 41

nefe <O [ [* s
= me (/0 e “Hoki(w+x)lx >x dLS> .

E/*(H o ky | X > 0) = ES*(H © kl{x,>0})

Letting ¢ go to 0, we deduce from the foregoing and (4) that

ENH okn) = — h( . </ Hokd(ow+x)1x >_x}dL)

In the calculation above, we used the fact that

/ s Ex(H 0 kg Lz >01) dt = n(efe < O)Ex ( / ¢S H o k(@ + ) g 5 x) dLs> :
0 <, =t 0 =%

which comes from the exit formula of excursion theory. Now, by using the return time
property of (X,P), one can prove in a similar way that

0
/ se—”[Ex(H [¢] kg l{X ;0})dt
0 =

{ oo
=7 (/ e "H({wg—u- +x0 < u < s})l{wsgx}ds) E (/ ce ™ dL,,) .
0 0

Combining these two expressions of f0°° ge”"Ey(Hokg 1x >0y)dt and letting ¢ = 0,
we get the identity

o0 {
E (/ Hoky(w —+—x)1{£>_x} dLs) =n (/ H({a)(s_u)- +x,0<u <S})1{ws§x}ds> R
0 0

which involves the following computation:

EJ(H 0 kn(0> — 0m)) = h() (/ H o k(o — o) g > ) dLs>
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h(x) (/ H{0(-u)— , 0Su<s}H o, <1} ds)
= L/ ﬁ(H(OC—s({w(C—u)“ > 0<u<C}))l{w s <g})d5
h(x) Jo o

1 o0
= h_(xﬁ)/o A(H (Os({o¢—w)- » 0<u <)) o, <x,5<}) ds.

Now, we apply Theorem 4:

hx )/ ACH (00— 0SUSEN o <x,0<y) ds
= m/ﬂ '—'(HOHS(w)l{wss.x,Kg})ds
1 o v
- mj/ov " (E‘E(w)l{wsSx,s<(})dS

_ L [ /
- i | By

X hl(x )
dz
- | e wen =2,

and the result follows according to the first part.

The third part follows easily from Theorem 1 and the independence between pre-
minimum and post-minimum processes under [F"ﬁ/ ’ Indeed, it suffices to remark that
the law of the post-minimum process under P&(-| X,, > 0) is the same as the law of
the post-minimum process under P and letting ¢ go to 0. 0O

In the next theorem, we apply Theorem 5 to show that the pre-minimum process
under P] vanishes as x | 0. An important consequence is the convergence of P to
PT as x | 0, in the stable and creeping downward cases.

Theorem 6. If (X,P) is stable or creeps downward, then the Markov family (P] )¢
converges on the Skorohod space to P1 as x | 0. Moreover, the semigroup (p] )0
Sulfills the Feller property.

Proof. Let ({2, F,P) be a probability space on which we can define a family of pro-
cesses Y* with law P! for all x > 0 and a process X with law P independent of
each process Y~*.

Let m* be the hitting time of the minimum of Y* and define, for all x > 0, the
process X* by

X5 = Yr, t < m,
' Xp—we + Y5,  t=m.

By the preceding theorem, under P, X* has for law P].
Now, fix t > 0 and denote by || - ||;, the norm of the J;-Skorohod’s topology on
the space D([0,7]) (we refer to Skohorod (1957) for the definition of this topology).
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We are going to show that the family of processes X* converges in probability to the
process X as x | 0. That is to say for all ¢ > 0,

lim P(|X* — X5, > ¢) =0.

Let us define the process X* by

~ 0, t < m*,
X'= x
/Yt—m"a t>m .

Then first we are going to show that X* converges in probability to X as x | 0.
According to the preceding theorem, we have for all ¢ > 0,

X h/
P(m* > &) :/0 h((i’))P)(c > ¢)dy.

When (X,P) creeps downward and when (X,P) is stable, the probability
P ({ > &) has an explicit form. We verify that it converges to 0 as x | 0. This
implies that

P > &) =%0.

It is then easy to deduce that )? * converges in probability to X.

Now, to show that X*— X* converges to 0 in probability, it suffices to show that
X, the maximum of the process {Xj,¢ < m*} converges in probability to 0. By
Theorem 5

TH(y)

P “m’ = [P\‘ £,00 3
(X > 8) /0 h(x) y (‘E[’ )<§)dy

and, as before, in our two cases, we can prove that Ipx\‘(r[e,oo)<f) converges to 0 as
x ] 0.

The Feller property of ( p,T ):»0 18 a consequence of this convergence. Indeed, for all
functions f € Cy, p,T f(-) is continuous at 0. The continuity at a point x > 0 comes
from the expression

h(X; +x)
h(x)
and from the fact that X, has no atom under [® when (X, P) is not a compound Poisson

process. [

EN(f(X)) = E ( fx +x)1{&>_x})

Remark 2. 1. This convergence holds also when (X,[P) has no positive jump (see
Bertoin, 1992).

2. In the stable case, there exists a direct proof of this result based on the scaling
property of the process (X,P!), (see Chaumont 1994b).
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