Breadth first search coding of multitype forests
with application to Lamperti representation

Loic Chaumont

Abstract We obtain a bijection between some set of multidimensional sequences
and the set of d-type plane forests which is based on the breadth first search algo-
rithm. This coding sequence is related to the sequence of population sizes indexed
by the generations, through a Lamperti type transformation. The same transforma-
tion in then obtained in continuous time for multitype branching processes with dis-
crete values. We show that any such process can be obtained from a d>-dimensional
compound Poisson process time changed by some integral functional. Our proof
bears on the discretisation of branching forests with edge lengths.

1 Introduction

A famous result from Lamperti [8] asserts that any continuous state branching pro-
cess can be represented as a spectrally positive Lévy process, time changed by the
inverse of some integral functional. This transformation is invertible and defines
a bijection between the set of spectrally positive Lévy processes and this of con-
tinuous state branching processes. The same type of transformation holds between
continuous time, integer valued branching processes and downward skip free com-
pound Poisson processes. Lamperti’s result is the source of an extensive mathemat-
ical literature in which it is mainly used as a tool in branching theory. However,
recently Lamperti representation itself has been the focus of some research papers.
In [2] several proofs of this result are proposed and in [4] an extension of the trans-
formation to the case of branching processes with immigration is proved. The case
of affine processes, which includes continuous state multitype branching processes
with immigration, was investigated in [10]. In the latter paper a Lamperti type rep-
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resentation in law of affine processes was obtained. Then right after our paper was
submitted, the two prepublications [6] and [3], appeared where pathwise construc-
tion of affine processes is obtained through Lamperti representation.

In the present work we show through a combinatorial method, an extension of
Lamperti representation to continuous time, integer valued, multitype branching
processes. More specifically, let Z = (Z<1), e 7Z<d)) be such a process issued from
x € Z%, then we shall prove that Z can be represented as

d d
<z,<1>7...,z;d>>:x+(2x~l

id

Sz e X.fézﬁ” ds) 120,

where X() = (Xi'l,...,Xi7d), i=1,...,d, are d independent Zi-valued compound
Poisson processes. Conversely, given X)), i = 1,....d, the above equation admits a
unique solution Z, and Z is a multitype branching process. Since 0 is an absorbing
state for Z, it is plain that the whole path of X = (X(l), e 7X(d)) is not always needed
in the above transformation. For instance, when d = 1, we see that the process X
can be stopped at its first passage time 7, at level —x. In the multitype case, we

shall prove that the processes X M, ..., X can be stopped at times T,((l)7 ceey 7}(‘1),
respectively, where T, = (]}(1), ety 7}(d)) is defined as the ‘first passage time’ at level

—x by the multidimensional random field,

1

d
X=(t1,...,t3) —~ (Zx;;f,je [d]) —x\V . +x1.
i=1

The law of the multivariate random time 7, will be given in Theorem 1.

The multitype Lamperti representation is not invertible as in the one dimensional
case. However, by considering the whole branching structure behind the multitype
branching process, we actually obtain in Theorems 2 and 3 a one-to-one pathwise
transformation between (X(V),... . X(4)) and a particular family of processes (Z"/ :
i,j=1,...d) satisfying the decomposition

7t207

. . -
z¥ = Yz and Zp =xilij+X0
i=1 b

where Z;/ is the total number of individuals of type j whose parent has type i and
who were born before time 7.

The proofs of our results are achieved by using a special coding of multitype
plane forests based on the breadth first search algorithm. This deterministic one-
to-one correspondence between some set of multivariate sequences and multitype
forests is stated in Theorem 4 and leads to a Lamperti type representation of dis-
crete time, multitype branching processes in Theorem 5. Results in discrete time
are displayed and proved in Section 3, whereas the next section is devoted to the
statements of our results in continuous time. The latter will be proved in Section 4.
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2 Main results in continuous time

In all this work, we use the notation Ry = [0,), Z, = {0,1,2,...} and for any pos-
itive integer d, we set [d] = {1,...,d}. We also define the following partial order on
RY by setting x = (x1,...,%7) >y = (y1,...,Ya), if x; > y;, for all i € [d]. Moreover,
we write x >y if x > y and if there exists i € [d] such that x; > y;. We will denote by
¢; the i-th unit vector of Zi.

Fix d > 2 and let v = (Vy,...,V,), where V; is any probability measure on Z¢
such that v;(¢;) < 1. Let Z = (Z(),...,Z(?)) be a d-type continuous time and Z -
valued branching process with progeny distribution v = (vy,...,V,) and such that
type i € [d] has reproduction rate A; > 0. For i, j € [d], the quantity

mjj = Z )CjV,'(x),

d
xX€Z4

corresponds to the mean number of children of type j, given by an individual of
type i. Let M := (m;); jela) be the mean matrix of Z. We say that the progeny distri-
n
0
all i, j € [d], where ml(;l) is the (i, j)-th element of the matrix M". Recall that if v is
irreducible, then according to Perron-Frobenius Theorem, it admits a unique eigen-
value p which is simple, positive and with maximal modulus. If moreover, Vv is non
degenerate, that is if individuals have exactly one offspring with probability strictly
less than 1, then extinction holds if and only if p < 1, see [7], [12] and Chapter V

of [1]. If p = 1, we say that Z is critical and if p < 1, we say that Z is subcritical.

bution v is irreducible if the matrix M = (m;;) satisfies m;;’ > 0, for some n and for

We now define the underlying compound Poisson process in the Lamperti repre-
sentation of Z that will be presented in Theorems 2 and 3. Let X = (X M, x@),
where XU, i € [d] are d independent Z?-valued compound Poisson processes. We

assume that Xéi) = 0 and that X) has rate A; and jump distribution

Vi(k) .
() = —1% ik £0and 1(0) =0, 1
) = T ik Oand (0 m
where
Vi(ki, .. ka) = vilki, . ki, ki ki, ka) - (2)
In particular, with the notation X(i):(Xivl,...,Xi’d), foralli=1,...,d, the pro-

cess X ’7"' is a Z-valued, downward skip free, compound Poisson process, i.e. AX,i’i =
X' —X" > —1,t >0, with Xo_ = 0 and for all i # j, the process X"/ is an increas-
ing compound Poisson process. We emphasize that in this definition, some of the
processes X"/, i, j € [d] can be identically equal to 0.

We first present a result on passage times of the multidimensional random field
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d
X:(tl,...,td)H(ZX[(.",]‘E[d]) x4+ x D

i=1

which is a particular case of additive Lévy process, see [11] and the references
therein. Henceforth, a process such as X will be called an additive (downward skip
free) compound Poisson process.

Theorem 1. Let x = (x1,...,x4) € Z<. Then there exists a (unique) random time
T, = (7}<1> e Tx(d)) € Ri such that almost surely,

xj+ Z XH(T, ()) 0, foralljsuchthatT() 3)
i1 <oo

and if T/ is any random time satisfying (3), then T, > T,. The time T, will be called
the first passage time of the additive compound Poisson process X at level —
The process (T, x € Zﬁ) is increasing and additive, that is, for all x,y € 74,

A
Nt
’ﬂx

Topy = T+ T, 4)

where T} is an independent copy of T. The law of T; on Ri is given by

P(T, €dt, X)) =x;;,1<i,j<d)=

det(

d
x,] l]
: =x;;,1<j<d)dndt...dt,
.. l:—[ INE ] ) 1412 . d >

where the support of this measure is included in {xij €Z:xij>0,x; <0, ):?:1 Xij= —x,-}.

Note that from the additivity property (4) of (T, x € Z‘i), we derive that the law of
this process is characterised by the law of the variables T,, for i € [d].

As the above statement suggests, some coordinates of the time 7, may be infinite.
More specifically, we have:

Proposition 1. Assume that v is irreducible and non degenerate.

1. If v is (sub)critical, then almost surely, for all x € Z4. and for all i € [d), T < o,

2. If v is super critical, then for all x € Zi, with some probability p > 0, ]}C(i) =

for all i € [d] and with probability 1 — p, Tx(i) < oo, foralli € [d].

There are instances of reducible distributions v such that for some x € Zﬁ, with
positive probability, 7" < co, for all i € A and T,") = oo, for all i € B, (A, B) being
a non trivial partition of [d]. It is the case for instance when d = 2, for x = (1, 1),
X2 =x21=0,0<my <1andmy > 1.
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Then we define d-type branching forests with edge lengths as finite sets of inde-
pendent branching trees with edge lengths. We say that such a forest is issued from
x=(x1,...,xq) € Zi (at time f = 0), if it contains x; trees whose root is of type i.
The discrete skeleton of a branching forest with edge lengths is a discrete branching
forest with progeny distribution v. The edges issued from vertices of type i are ex-
ponential random variables with parameter A;. These random variables are mutually
independent and are independent of the discrete skeleton. A realisation of such a
forest is represented in Figure 1. Then to each d-type forest with edge lengths, F,
is associated the branching process Z = (Z(1), ..., Z(@), where Z(¥) is the number of
individuals in F, alive at time ¢.

Definition 1. For i # j, we denote by Z;"/ the total number of individuals of type j
whose parent has type i and who were born before time ¢. The definition of Z;" for
i € [d] is the same, except that we add the number of roots of type i and we subtract
the number of individuals of type i who died before time ¢.

More formal definitions of branching forests with edge lengths and processes Z'/
will be given in sections 4.2 and 4.3, see in particular (24).

Then we readily check that the branching process Z = (Z,...,Z;) which is as-
sociated to this forest can be expressed in terms of the processes Z'/, as follows:

. d
Z0 =Y 7 jeld].
i=1

C;)"""
-

é H
O=mnuu-
O---

Fig. 1 A two type forest with edge lengths issued from x = (2,2). Vertices of type 1 (resp. 2) are
represented in black (resp. white). At time 7, Z,l‘I =1, Z,]’2 =2, Z,z‘] =3and Z,z"2 =2.

The next theorem asserts that from a given d-type forest with edge lengths F, issued

from x = (x1,...,%4), we can construct a d-dimensional additive compound Poisson

process X = (Y4, X,’;.’j ,j€d), (t1,...,ts) € RY) stopped at its first passage time

of —x, such that the branching process Z associated to F' can be represented as a
time change of X. This extends the Lamperti representation to multitype branching
processes.



6 Loic Chaumont

Theorem 2. Let x = (x1,...,x;) € Z% and let F be a d-type branching forest with
edge lengths, issued from x, with progeny distribution v and reproduction rates A;.
Then the processes Z", i, j € [d] introduced in Definition 1 admit the following
representation: N N
ij_ 1. . ij
Z, _Xlll=j+Xf6Z£i)dS, t>0, &)
where _ ' ' '
X0 = (xt x2 . xMyi=1,...4d,

are independent Zi-valued compound Poisson processes with respective rates A;
and jump distributions L; defined in (1), stopped at the first hitting time Ty of —x by
the additive compound Poisson process, X = ():fllet';’j ,jed], (t,...,19) € Rﬁ),

that is,

i1 id

(i) i,
Xt 1{t<Tx(i)} + (XTX<i) yeen 7XTX(I.>)1{t2TX(,-)}, t>0.
In particular the multitype branching process Z, issued from x = (x1,...,x4) €
Ri admits the following representation,
M o il " i
z,...2Y) = XU LYy Xe 1>0. 6
( t s &t ) x+ IZZI _félgl)ds’ 7; ,/‘62,5’)ds ’ = (6)

Moreover, the transformation (5) is invertible, so that the processes Z, i, j € [d|
can be recovered from the processes X\, i € [d].

Note that in Theorem 2, Txm actually represents the total length of the branches is-
sued from vertices of type i in the forest F'.

Conversely, the following theorem asserts that an additive compound Poisson pro-
cess X being given, we can construct a multitype branching forest whose branching
process Z is the unique solution to equation (6).

Theorem 3. Let x = (x1,...,x;) € Z4 and
X0 =(x" x2 XM i=1,....d,

be independent Zi valued compound Poisson processes with respective rates A; > 0
and jump distributions L, stopped at the first hitting time T, of —x by the addi-
tive compound Poisson process (t1,...,t5) — (Z?ZIX;I.’J ,J € [d]) Then there is a
branching forest with edge lengths, with progeny distribution v and reproduction
rates A; > 0 such that the processes Z' of Definition 1 satisfy relation (5). More-
over, the branching process Z = (Z(l)7 e ,Z(d>) associated to this forest is the unique
solution of the equation,

. 5 - " .
=iz as =7 ezl as

d d
(Z,(l),...7Z,(d>):x+< X" LY xi ) 1>0.
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We emphasize that Theorems 2 and 3 do not define a bijection between the set of
branching forests with edge lengths and this of additive compound Poisson pro-
cesses, as in the discrete time case, see Section 3. Indeed, in the continuous time
case, when constructing the processes 7'/ as in Definition 1, at each birth time,
we lose the information of the specific individual who gives birth. In particular, the
forest which is constructed in Theorem 3 is not unique. This lost information is
preserved in discrete time and the breadth first search coding that is defined in Sub-
section 3.2 allows us to define a bijection between the set of discrete forests and this
of coding sequences.

3 Discrete multitype forests

3.1 The space of multitype forests

We will denote by .# the set of plane forests. More specifically, an element f € .
is a directed planar graph with no loops on a possibly infinite and non empty set
of vertices v = v(f), with a finite number of connected components, such that each
vertex has a finite inner degree and an outer degree equals to O or 1. The elements
of % will simply be called forests.The connected components of a forest are called
the trees. A forest consisting of a single connected component is also called a tree.
In a tree t, the only vertex with outer degree equal to O is called the root of t. It will
be denoted by r(t). The roots of the connected components of a forest f are called
the roots of f. For two vertices u and v of a forest £, if (u,v) is a directed edge of f,
then we say that u is a child of v, or that v is the parent of u. The set v(f) of vertices
of each forest f will be enumerated according to the usual breadth first search order,
see Figure 2. We emphasize that we begin by enumerating the roots of the forest
from the left to the right. In particular, our enumeration is not performed tree by
tree. If a forest f contains at least n vertices, then the n-th vertex of f is denoted by
u, (f). When no confusion is possible, we will simply denote the n-th vertex by u,,.

A d-type forest is a couple (f, c¢), where f € F and ¢ is an application ¢¢ : v(f) —
[d]. For v € v(f), the integer c¢(v) is called the fype (or the color) of v. The set of fi-
nite d-type forests will be denoted by .#,. An element (f, ct) € #; will often simply
be denoted by f. We assume that for any f € .Z, if u;,ui;1,...,uitj € v(f) have the
same parent, then c¢(1;) < cp(uir1) < ... < cp(uiyj). Moreover, if uy, ..., u; are the

roots of f, then c¢(u1) < ... < cp(uy). For each i € [d] we will denote by u) = uf) (f)
the n-th vertex of type i of the forest f € .7, see Figure 2.



8 Loic Chaumont

)
(1) M (2) (2) (2)
u,,u Uy, U, Uy, U u,, us Ug, Uy

Fig. 2 A two type forest labeled according to the breadth first search order. Vertices of type 1
(resp. 2) are represented in white (resp. black).

3.2 Coding multitype forests

The aim of this subsection is to obtain a bijection between the set of multitype
forests and some particular set of integer valued sequences which has been intro-
duced in [5]. This bijection, which will be called a coding, depends on the breadth
first search ordering defined in the previous subsection. We emphasize that this cod-
ing is quite different from the one which is defined in [5].

Definition 2. Let S, be the set of [Zd]d-valued sequences, x = (x(1) x(2) . x(@)),
such that for all i € [d], x!) = (x!,... x*?) is a Z?-valued sequence defined on some
interval of integers, {0, 1,2,...,;}, 0 < n; < o, which satisfies x|’ = 0 and i n; > 1,
then

(i) for i # j, the sequence (x;’ )o<n<n, is nondecreasing,

(idfor all i, X', | —x;' > —1,0 <n<nm— 1.

A sequence x € S; will sometimes be denoted by x = (x;;’j, 0<k<nijeld])
and for more convenience, we will sometimes denote x;J by x/(k). The vector

n=(ny,...,ng) € Zi, where Z, = Z U{+oo} will be called the length of x.

Recall the definition of the order on R¢, from the beginning of Section 2 and let us

set Us={i € [d] :s; <o}, forany s € Zi. Then the next lemma extends Lemma 2.2
in [5] to the case where the smallest solution of a system such as (r,x) in (7) may
have infinite coordinates.

Lemma 1. Ler x € Sy whose lengthn = (ny,...,ng) is such that n; = oo for all i (i.e.
Un =0) and let v = (ry,...,rq) € Z4. Then there exists s = (s1,...,5q4) € Zi such
that

d
(rx)  rj+ Y x(s)=0, jeUs, 7)
i=1



Breadth first search coding of multitype forests and Lamperti representation 9

(we will say that s is a solution of the system (r,x)) and such that any other solution
q of (r,x) satisfies q > s. Moreover we have s; = min{q : xfji = ming<x<y, x;;’i}, Sfor
alli e Us.

The solution s will be called the smallest solution of the system (t,x). We empha-
size that in (7), we may have Us = 0, so that according to this definition, the smallest
solution of the system (r,x) may be infinite, that is s; = oo for all i € [d]. Note also
that in (7) it is implicit that ¥ic ), X (s7) < oo, forall j € Us.

Proof. This proof is based on the simple observation that for fixed j, when at least
one of the indices k;’s for i # j increases, the term Y. ; x"/ (k;) may only increase
and when k; increases, the term x//(k;) may decrease only by jumps of amplitude
—1.

. . =d .
First recall the notation Uy, for s € Z, introduced before Lemma 1 and set vﬁvl)

rjand forn > 1,

k;") = inf{k:x)/ = —vﬁ")} and VE"H) = rj—I—;‘xi’j(ki("))7
i)

where inf() = 0. Set also k(® =0 and U, (o) = [d]. Then note that since for i # j, the
x"I’s are positive and increasing, we have

k(n) S k(nJrl) and Uk(n+1) g Uk(n) , n Z 0.
Moreover, for each n > 0,

i Y ) A () >0, e Uy 8)
i£]
Define
ng=inf{n>1: rj+2xi’j(k§n)) +xj’j(k§”)) =0, j€EUm},
i#]

where in this definition, we consider that r; + ¥, ;x"/ (klgn)) +x/J (k;") ) =0 is sat-
isfied for all j € Uy if Uy = 0. Note that k™) = k(") and Uy ) = U, s, for all
n > ng. The index ngp can be infinite and in general, we have k() = lim,, e k™,

Then the smallest solution of the system (r,x) in the sense which is defined in
Lemma 1 is k(™).

Indeed, (7) is clearly satisfied for s = k(™). Then let qe Zi satisfying (7), that is

ri+ Y X (gi)+x(q;) =0, j€Uq. 9)
i#]j

We can prove by induction that q > k), for all n > 1. Firstly for (9) to be satis-
fied, we should have g; > inf{k : x//(k) = —r;}, for all j € U, hence q > k(.
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Now assume that q > k. Then Uq C U n and from (8) and (9) for each j € Uy,
g; > inf{k: x4 (k) = —(rj + Loz 2 (k")) }, hence q > k(r+D).

Finally the fact that s; = min{q: xgi = ming<j<y x;;’i}, for all i € U; readily follows
from the above construction of s;. 0O

Let (f,ct) € Z4, u € v(f) and denote by p;(u) the number of children of type i of
u. For each i € [d], let n; > 0 be the number of vertices of type i in v(f). Then we
define the application ¥ from .%, to S; by

Y(f ct) =x, (10)

where x = (x(1),... x(4)) and for all i € [d], x) is the d-dimensional chain x!) =
(xi*l, .. ,x"’d ), with length n;, whose values belong to the set 74, such that xg) =0
and if n; > 1, then

(i) i (i)

i,j ij __ ep e . ii__
X =Xy =pilu,,), ifi#jand x7° —x' =pi(u,,,)—1, 0<n<n—1.

(1)
We recall that u5,1> is the n-th vertex of type i in the breadth first search order of f.
We will see in Theorem 4 that (ny,...,n,) is actually the smallest solution of the

system (r,x), where r; is the number of roots of type i of the forest f. This leads us
to the following definition.

Definition 3. Fix r = (r1,...,74) € Z<, such thatr > 0.

(i) We denote by X, the subset of S, of sequences x with length n = (ny,...,n4) €

Z_ such that n is the smallest solution of the system (r,X), where for all i € [d],
)E,(;) = ,(:), if k < n; and )E,((l) = x,i?, if £ > n;. We will also say that n is the smallest
solution of the system (r,x).

(if)We denote by .7, the subset of .7, of d-type forests containing exactly r; roots
of type i, for all i € [d].

The following theorem gives a one to one correspondence between the sets .% and
X
Theorem 4. Let v = (ry,...,ry) € Z%, be such that r > 0. Then for all (f,ct) € FL,
the chain x = W (£, ct) belongs to the set ). Moreover, the mapping
V. Fy— X
(f, Cf) — 'P(f, Cf)
is a bijection.

Proof. In this proof, in order to simplify the notation, we will identify the sequence
x with its extension X introduced in Definition 3.

Let (f,ct) be a forest of .7 and let s = (s1,...,54) € Zi, where s; is the number
of vertices of type i in f. We define a subtree of type i € [d] of (f,cf) as a maximal
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connected subgraph of (f, cg) whose all vertices are of type i. Formally, t is a subtree
of type i of (f,c¢), if it is a connected subgraph whose all vertices are of type i
and such that either r(t) has no parent or the type of its parent is different from i.
Moreover, if the parent of a vertex v € v(t)¢ belongs to v(t), then c¢(v) # i.

Let i € [d] and assume first that s; < e (i.e. i € Us) and let k; < s; be the number
of subtrees of type i in f. Then we can check that the length s; of the sequence x*
corresponds to its first hitting time of level —k;, i.e.

s; =inf{n:xh' = —k;}. (12)

Indeed, let us rank the subtrees of type i in f according to the breadth first search
order of their roots, so that we obtain the subforest of type i: t,...,t;, and let x’ be
its Lukasiewicz-Harris coding path, that is x;, = 0 and

X=X, =plnp1)—1, 0<n<s—1,

where u, is the n-th vertex in the breadth first search of this subforest and p(u,)
is its number of children. We refer to [9] for the coding of forests through their
Lukasiewicz-Harris coding path. Then we readily check that both sequences have
the same length and end up at the same level, i.e.

inf{n:x, = —k;} =inf{n:x" = —k;}. (13)

If s5; = oo then either k; = oo and (12) holds, or k; < oo and at least one of the sub-

trees of type i in the forest is infinite. In this case, we can still compare x" to the

Lukasiewicz-Harris coding path x’ in order to obtain (13), so that (12) also holds.
Now let us check that s is a solution of the system (r,x), that is

d
ri+ Y x"(s)=0, jeUs. (14)
i=1

Let j € Us, then rj+Y,.; xMJ(s;) clearly represents the total number of vertices of
type j in v(f) which are either a root of type j or whose parent is of a type different
from j, i.e. it represents the total number of subtrees of type j in f. On the other
hand, from (12), —xJ (s j) > 0 is the number of these subtrees. We conclude that
equation (14) is satisfied.

It remains to check that s is the smallest solution of the system (r,x). As in
Lemma 1, set k%) = 0 and for all j € [d],

G =i kgl = =4 BT ez 1 as)
i#]

Then from the proof of Lemma 1, we have to prove that s = lim_.., k(™. Recall the
coding which is defined in (11). For all j € [d], once we have visited the r; first
vertices of type j which are actually roots of the forest, we have to visit the whole
corresponding subtrees, so that, if the total number of vertices of type j in (f,c¢) is



12 Loic Chaumont

finite, i.e. j € U, then the chain x/* first hits —r at time k") < oo. Then at time &'/,
an amount of };; xhJ (kl-(l)) more subtrees of type j have to be visited. So the chain
xJ has to hit —(rj+ Yz jx"/ (kgl) )) at time k(2) < oo, This procedure is iterated until

the last vertex of type j is visited, that is until time s; = lim,, e kﬁ-") < oo (note that

(n)

the sequence k i is constant after some finite index). Besides, from (15), we have

sj= inf{k:x,{’j = —(rj—&-in’j(si))}, n>1, jeUs.
i#]j

On the other hand, if the total number of vertices of type j in (f,c¢) is infinite, then
k;n) tends to oo (it can be infinite by some rank). So that we also have s ; = lim,, o k}")
in this case. Therefore, s is the smallest solution of (r,x).

Now let x € I with length s, then we construct a forest (f,¢¢) € %) such that
Y (f,ct) = x, generation by generation, using the definition of ¥ in (10) as follows.
At generation n = 1, for each i € [d], we take r; vertices of type i. We rank these
r1+...+rq vertices as it is defined in Subsection 3.1. Then to the k-th vertex of
type i, we give Axy’ = x;” —x;’ | children of type j € [d] if j # i and Ax}' +1
childr en of type i. We rank vertices of generation n = 2 and to the r; + k-th vertex
of type i, we give Ax,”,, children of type j € [d], if j # i and Ax}',, +1 children
of type i, and this procedure is repeated generation by generation. Proceeding this
way, until the steps Axf(/ , i, j € [d], we have constructed a forest of Z;. Indeed the
total number of children of type j whose parent is of type i # j is x"*/(s;), hence, the
total number of children of type j which is a root or whose parent is different from

Jisrj+Yiz; x4 (s;). Moreover, each branch necessarily ends up with a leaf, since

Ax;’[ﬂrl =0, for all i # j and Ax?f = —1. Therefore we have constructed a forest
(f,ct) of Z] such that W(f, cr) = x and we have proved that @ is onto.

Finally, let us denote the forest (f,c¢) which is reconstructed from x through
the above procedure by @(x), then the application @ is actually the inverse of .
Indeed, we can check from the defintion of @ above and that of ¥ in (10) that for

all (f,cp) € ), ®(W((f,cr))) = (f,cr). Therefore ¥ is one-to-one. [

3.3 Representing the sequence of generation sizes

To each f € F we associate the chain z = (z“), .. ,z<d)) indexed by the successive
generations in f, where for each i € [d],and n > 1, 70 (n) is the size of the population
of type i at generation n. More formally, we say that the (index of the) generation
of u e v(f) is nif d(r(t,),u) = n, where t, is the tree of f which contains u, r(t,) is
the root of this tree and d is the usual distance in discrete trees. In order to simplify
the notation, we set |u| = d(r(t,),u). Let us denote by A(f) the index of the highest
generation in f. Then z(¥) is defined by
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(i), _ J Card{u € v(f) : cp(u) =i, [u| = n} if n < h(f),
27) {o itn>n+1. (10
We also define the chains 7'/, for i, j € [d], as follows: z/(0) = 0if i # j, z/(0) = 1,
and forn > 1,

Zi*j (n) = rl‘li:j + Z lcf(u)=i (pj(u) - li:j) ’ an

lu|<n—1

In words, if i # j then z/(n) is the total number of vertices of type j whose parent
is of type i in the first n generations of the forest f. If i = j then we only count the
number of vertices of type i with at least one younger brother of type i and whose
parent is of type i in the n first generations. To this number, we subtract the number
of vertices of type i with no children of type i, whose generation is less or equal than
n— 1. Then it is not difficult to check the following relation:

2i(n),n>0, jeld. (18)

ON

2D (n) =

i=1

We end this subsection by a lemma which provides a relationship between the chains
xJ and 7/, where x = ¥(f,¢cf). This result is the deterministic expression of the
Lamperti representation of Theorem 5 below and its continuous time counterpart in
Theorems 2 and 3.

Lemma 2. The chain 7/ may be obtained as the following time change of the chain
xi, Jj .

2(n) =552 0K), n>1, djeld], i# ], (19)
i(n) = r,~+xi’i(22’;(l) Z(k), n>1, ield. (20)
In particular, we have
- d ) -
D) =rj+ Y (520 (K), n=1, jed]. @1
i=1
Moreover, given xJ, i, j € [d), the chains 7, i, j € [d] are uniquely determined by

equations (18), (19) and (20).

Proof. Tt suffices to check relations (19) and (20). Then (21) will follow f_rqm (18‘)T
But (19) and (20) are direct consequences of the definition of the chains x*/ and 7"/
in (11) and (17) respectively. [
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3.4 Application to discrete time branching processes

Recall that v = (vy,...,Vy) is a progeny distribution, such that the v;’s are any
probability measures on Z<, such that v;(e;) < 1. Let (2,9, P) be some measurable
space on which, for any r € Z‘fr such that r > 0, we can define a probability measure
IP; and a random variable (F,cr) : (2,%,P;) — % whose law under P, is this of
a branching forest with progeny law v. Then we construct from (F,cr) the random
chains, X = (XW),... XY, z = (zW, ... z@) and 7", i, j € [d], exactly as in
(11), (16) and (17), respectively. In particular, X = W(F,cr). We can check that
under P, Z is a branching process with progeny distribution v. More specifically,
recall from (2) the definition of V;, then the random processes X and Z satisfy the
following result.

Theorem 5. Letr € Z< be such thatr > 0 and let (F,cF) be an F}-valued branching

forest with progeny law v under Py. Let N = (Ny,...,Ny) € Zi, where Nj is the
number of vertices of type i in F.Then,

1. The random variable N is almost surely the smallest solution of the system (r,X)
in the sense of Definition 3. If v is irreducible, non degenerate and (sub)critical,
then almost surely, N; < o, for all i € [d). If v is irreducible, non degenerate and
supercritical, then with some probability p > 0, N; = oo, for all i € [d] and with
probability 1 — p, N; < oo, for all i € [d)].

2. On the space (2,9 ,P), we can define independent random walks X\, i € [d),
with respective step distributions V;, i € [d], such that X’é’) =0and if N =

(Ny,...Ny) € Zi is the smallest solution of the system (r,X), then the follow-
ing identity in law

—

. 0<k<nyield) & 0<k <N, ield)

holds.
3. The joint law of Xy and N is given as follows: for any integers n; and k;j, i, j € [d],
such that n; >0, kij € Z, for i # j, —kjj = rj+Yizjkij and n; > —k;;,

Pr(x,i;,f' = kij.i,j € [d] andN:n) -

det(—kii) & .
MHV,'”'(ki17~-~uki(ifl)vni+kiiaki(i+l)7~'~7kid)-

niny...ng i=1

4. The random process Z is a branching process with progeny law v, which is re-
lated to X through the time change:

d
Z0(n) = Y XY (L2 20(k), n>1. 22)
i=1
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Proof. The fact that N is the smallest solution of the system (r,X) is a direct con-
sequence of Theorem 4 and the definition of X, that is ¥'(F,cr) = X. Assume that
v is irreducible, non degenerate and (sub)critical. Then since the forest F' contains
almost surely a finite number of vertices, all coordinates of N must be finite from
Theorem 4. If v is irreducible, non degenerate and supercritical, then with probabil-
ity p > 0 the forest F contains an infinite number of vertices of type i, for all i € [d]
and with probability 1 — p its total population is finite. Then the result also follows
from Theorem 4.

In order to prove part 2, let (Fy,,cg,) with (Fi,cr, ) = (F,cr), be a sequence of
independent and identically distributed forests. Let us define X" = W(F;,cf,) and
then let us concatenate the processes X" = (X”v(l)7 ... ,X"’(d)) in a process that we
denote X . More specifically, let us denote by N the length of X () then the process

obtained from this concatenation is X = (X(1), ..., X(@)), where )N((go =0,N?=0and

o) _ ¢ n,(i)
ke XN?+...+N{’*1 T k(N4 4Ny

ENO+. N <ESNO 4L AN, n>

Note that X is obtained by coding the forests (Fy,cp,), n > 1 successively. Then
it readily follows from the construction of X and the branching property that the
coordinates X (V) are independent random walks with step distribution V;. Moreover
N is a solution of the system (r,X' ), so its smallest solution, say N', is necessarily
smaller than N. This means that N’ is a solution of the system (r,X), hence N’ = N.

The third part is a direct consequence of the first part and the multivariate ballot
Theorem which is proved in [5], see Theorem 3.4 therein.

Then part 4, directly follows from the definition of Z and Lemma 2. [

Conversely, from any random walk whose step distribution is given by (2), we
can construct a unique branching forest with law ;. The following result is a direct
consequence of Theorems 4 and 5.

Theorem 6. Let XV, i € [d] be d independent random walks defined on (2,9, P),
whose respective step distributions are V;, and set X = (X, X@D) Lerr e z4
such that r > 0 and let N be the smallest solution of the system (r,X). We define the
Zh-valued process X = (XD, ... X (@) by (Xk(l), 0<k<N)= ()Zk(l), 0<k<AN).

Then (F,cp) :== ¥~ Y(X) is a F}-valued branching forest (F,cr) with progeny
distribution v.
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4 The continuous time setting

4.1 Proofs of Theorem 1 and Proposition 1.

LetY = (Y M.y <d)) be the underlying random walk of the compound Poisson
process X, that is the random walk such that there are independent Poisson processes
N, with parameters A; such that X,<i) =yl (N,(i)) and (N, YY) i j € [d]) are
independent. Then from Lemma 1, there is a random time s € Z‘i, such that almost
surely, for all j € Us, x; +):l‘-1:1 Y (s;) = 0. Moreover, if s’ is any time satisfying this
property, then s’ > s. For i € [d] \ Us, the latter equality implies that Y/ (c0) < oo,
Since Y%/ is a renewal process, it is possible only if Y/ =0, a.s., so that we can
write: almost surely,

xj+ Z Y™ (s;) =0, forall j€ Us.
i,icUs

Then the first part of the Theorem follows from the construction of X as a time
change of Y. More formally, the coordinates of 7, are given by 7}(') = inf{¢ :
NO (1) = s;}, so that in particular, s; = N (T,").

Additivity property of T is a consequence of Lemma 1 and time change. From
this lemma, we can deduce that for all x,y € 74 | if s is the smallest solution of
(x+,Y), then conditionally to s; < o, for all i € [d], the smallest solution s; =
(81,15...,514) of (x,Y), and satisfies s; <s and s — s is the smallest solution of the

system (y,¥), where Yk(i) = Ys(li)-+k - YSYZ., k > 0. Moreover, ¥ = (Y i € [d]) has the

same law as Y and is independent of (Y,fi), 0<k< sl,i). Using the time change, we

obtain,

d ~
Lty Dy + L,

where L, has the law of T, conditionally on Tx(’) < oo, for all i € [d] and L, is an
independent copy of L,. Then identity (4) follows.

The law of T, on Ri follows from time change and the same result in the discrete
time case obtained in [5], see Theorem 3.4 therein.

Proposition 1 is a direct consequence of part 1 of Theorem 1 and the time change.

4.2 Multitype forests with edge lengths

A d type forest with edge lengths is an element (f,ct, ¢f), where (f,cf) € #; and
l¢ is some application 4 : v(f) — (0,0). For u € v(f), the quantity ¢¢(u) will be
called the life time of u. It corresponds to the length of an edge incident to u in
(f,cr,£r) whose color is this of u. This edge is a segment which is closed at the
extremity corresponding to u# and open at the other extremity. If u is not a leaf of
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(f,ct) then £¢(u) corresponds to the length of the edge between u and its children in
the continuous forest (f, ¢y, ¢¢). To each tree of (f,ct) corresponds a tree of (f,cg, f¢)
which is considered as a continuous metric space, the distance being given by the
Lebesgue measure along the branches. To each forest (f, cg, £f) we associate a time
scale such that a vertex u is born at time ¢ if the distance between u and the root
of its tree in (f,cg,f¢) is ¢. Time ¢ is called the birth time of u in (f,cg,f¢) and it
is denoted by bg(u). The death time of u in (f,ct, 4¢) is then bg(u) + fe(u). If s €
[De(u),be(u) + e(u)) then we say that u is alive at time s in the forest (£, cf, f¢). We
denote by hy the smallest time when no individual is alive in (f, ¢, f¢).

The set of d type forests with edge lengths will be denoted by F;. The subset of
Fy of elements (f, cg, ¢¢) such that (f, c¢) € % will be denoted by Fj. Elements of F
will be represented as in Figure 1.

To each forest (f,ct, /t) € Fj, we associate the multidimensional the step func-
tions, (z()(t),+ > 0) that are defined as follows:

() = Card{u € v(f) : cp(u) = i, u is alive at time 7 in (f,c, 0p).}  (23)

Then the process (z"j/"(t)J > 0) introduced in Definition 1 is formally defined by
2(0) =0if i # j, z4'(0) = r;, and for ¢ > 0,

O =rdici+ Y i (pi(u) —1iz)). (24)
bf<u>+ff(lt)<l

It readily follows from these definitions that
Dy=Y 77, 1>o0.
i=1

We now define the discretisation of forests of F,, with some span > 0. Let
(£, ct,¢¢) € Fy, then on each tree of (f,cy, ¢f) € Fy, we place new vertices at distance
nd, n € Z of the root along all the branches. A vertex which is placed along an
edge with color i has also color i. Then we define a forest in .%, as follows. A new
vertex v is the child of a new vertex u if and only if both vertices belong to the same
branch of (f,ct, ¢f), and there is n > 0 such that « and v are respectively at distance
nd and (n+ 1)0 from the root. This transformation defines an application which we
will denote by

Ds : F; — Fy
(f, Cf,ef) — D5 (f, Cf,éf).

Note that with this definition, the roots of the three forests (f,c¢), (f,cf,¢f) and
Dgs(f,cg, bg) are the same and more generally, a vertex of Dg(f, ¢y, ¢f) corresponds
to a vertex u of (f,cg,f¢) if and only if u is at a distance equal to nd from the root,
for some integer n > 0. It is also equivalent to the fact that u is at generation n in
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Dg (£, cg, lg). The definition of the discretisation of a forest with edge lengths should
be obvious from Figure 3.

Fig. 3 Discretisation of a two type tree with edge lengths: from (f, ¢¢, ) to Ds (£, ct, 4s).

4.3 Multitype branching forests with edge lengths.

Recall from Section 2 that A1, ..., A, are positive, finite and constant rates, and that
v = (Vi,...,V4), where V;, i € [d] are any distributions in Z< such that v;(e;) < 1.
From the setting established in Subsection 4.2, we can define a branching forest
with edge lengths as a random variable (F,cr,lr) : (2,9,P) — (F;,7;), where
€ is the sigma field of the Borel sets of F; endowed with the Gromov-Hausdorff
topology (see Section 2.1 in [9]) and where the law of (F,cr) : (2,9,P;) — F
under P; is this of a discrete branching forest with progeny distribution v, as de-
fined in Subsection 3.4. Besides, let N; be the number of vertices of type i in (F,cF),
then for all n = (ny,...,ny) € Zi, conditionally on N; = n;, i € [d], (EF(ME:)))QS”S,”
are sequences of i.i.d. exponentially distributed random variables with respective
parameters A;, and [(ep(u,ﬁl)))os,,gn,, i € [d], (F,cr)] are independent.

Then we have the following result which is straightforward from the above defini-
tions.

Proposition 2. Let (F,cr,lr) be a branching forest with edge lengths with progeny
distribution v = (Vi,...,Vy4) on Zi and reproduction rates Ay, ..., Ay € (0,00). Then
for all v, under P, the process Z = (Z(t),t > 0, i € [d]) which is defined as in
(23) with respect to (F,cp,{F) is a continuous time, Zi-valued branching process
starting at Zy = r, with progeny distribution v = (vy,...,V,) and reproduction rates

Ay, A
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The law of a discretised branching forest with edge lenghts is given by the following
lemma.

Lemma 3. Let (F,cp,lr) be a branching forest with edge lengths, with progeny
distribution v = (Vv1,...,v,) on Z% and life time rates A1, ..., A4 € (0,0). For § >0,
the forest Dg(F,cp,lr) is a (discrete) branching forest with progeny distribution:

S
vOK) =P, (Zs =), k= (ki,....ks) € Z

1

where e; is the i-th unit vector on‘i.

Proof. The fact that Dg(F,cr,lF) is a discrete branching forest is a direct conse-
quence of its construction. Indeed, at generation n, that is at time nd, the vertices of
this forest inherits from the (time homogeneous) branching property of (F,cp,lr)
the fact they will give birth to some progeny, independently of each other and with
some distribution which only depends on their type and 6. Then it remains to de-
termine the progeny distribution v(®), But it is obvious from the construction of
Ds(F,cp,lF) that vi(8> is the law of the total offspring at time & of a root of type i
in the forest (F,cp,fr). This is precisely the expression which is given in the state-
ment. []

4.4 Proof of Theorem 2.

Let (F,cF,{F) be a branching forest issued from x, with edge lengths, with progeny
distribution v = (v1,...,v,) on Z< and life time rates A1,...,A4 € (0,). Then
from Proposition 2, the process Z = (Z\)(¢),7 > 0, i € [d]) which is defined as in
(23) with respect to (F,cr,fF) is a continuous time, Z -valued branching process
with progeny distribution v = (vy,...,V;) and life time rates 4y,..., 4.

Let & > 0 and consider the discrete forest Dg(F,cr,fr) whose progeny distribu-
tion is given by Lemma 3. Let Z% = (Z‘S*(l), .. ,Z‘”d)) be the associated (discrete
time) branching process and let Z% := (234! ... 7%4) i € [d] be the decomposi-
tion of Z%, as it is defined in (17). Then it is straightforward that

(Z%H([871)),6 > 0) = (Z1 1 >0), (25)

almost surely on the Skohorod’s space of cadlag paths toward the process 7, as &
tends to 0, for all i, j € [d], where Z"/ is the decomposition of Z as it is defined in
(24).

Now, let X% = (X% _j € [d]) be the coding random walk associated to D (F, cr, (r ),
as in Theorem 5. We will first assume that X° is actually the coding random walk
of a sequence of i.i.d. discrete forests with the same distribution as Dg(F,cp,{F) in
the same manner as in the proof of part 2 of Theorem 5, so that in particular, X is
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not a stopped random walk.

For i € [d], let ‘Ciif and TE: be the sequences of jump times of the discrete time
processes X%() and Z%. That is the ordered sequences of times such that 172‘06 =
% =0and AXp") .= X‘S’(i)(fsz) - X‘s?(")(ri’f,il) #0and AZS" = Z‘s”'(rfj) -
Z‘s’i(rfil) #0, for n > 1. Fix k > 1, then since two jumps of the process Z almost
surely never occur at the same time, there is &, sufficiently small such that for
all 0 < 6 < &, the sequences (AXS’O), 0<n<k)and (AZS”, 0 <n<k) are as.
identical, for all i € [d]. Moreover, from Lemma 3 and Theorem 5, the jumps AX,‘? (1)
have law

ui“*)<k>="(), k0, 1 (0) =0,

where \7,.(5)(1() =P, (Zs = (ki,...,ki—1,ki+ 1,kit1,...,kg)). The measure ,ul-(é) con-
verges weakly to u; defined in (1), as 8 — 0. Hence from (25), the sequence
(AZS’i, n > 0) converges almost surely toward the sequence (AZ:, n > 0) of jumps
of the process (Z/,¢ > 0) := (Z”/, j € [d], > 0), which is therefore a sequence of
i.i.d. random variables, with law ;.

On the other hand, it follows from (19) and (20) in Lemma 2 and the fact that
two jumps of the process Z almost surely never occur at the same time, that for all
ny, there is 8; > 0 sufficiently small, such that for all n < n; and 0 < 6 < 6,

S
Tz

x5 _x8 SELAG
Ti,ﬂ_Ti,nflz Z Zk()7 nZl
szi?f—l
From Lemma 3 , the latter is a sequence of i.i.d. geometrically distributed random
variables with parameter 1 —P,,(Z5 = e;). Hence from (25), the sequence
5’11'»25
s Y 22U nx1
k=6-172°

in—1

converges almost surely toward the sequence

%, )
/Z’ z0dr, n>1,
T

in—1

as 0 — 0, where ( len) is the sequence of jump times of Z'. Moreover the variables of

this sequence are i.i.d. and exponentially distributed with parameter limg_,q 8 ! (1 —
P,, (Zs =e)) = Ai.
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. 5,3 5.,(0) X3 .

Then since (X,,"") is a random walk, the sequences (AX," )n>0, (7, Jn>0, i €
[d] are independent. Therefore, from the convergences proved above, the sequences

. Z i
(AZ,n>0) and ( ;}"‘ Z,w dt ,n > 1) are independent. Then we have proved that
in—1

the process
x0 .= (Zi(rt(i)), t>0), where ‘L't(i) =inf{s: f(‘)"pr du > t}, (26)

is a compound Poisson process with parameter A; and jump distribution ;. More-
over, it follows from the independence between the random walks (XS’(i)), i€ld]
that the processes (Zi(‘r,<i>), t >0),i € [d] are independent.

Now from part 1 of Theorem 5, if N? is the total population of type i € [d]
in the forest Dg(F,cr,(F), then N = (N?,...,N®) is the smallest solution of the
system (x,X%). Moreover it follows from the construction of Ds(F,cr,/r), that
limg_,q 5Nl-6 = o Z,(i) dt = Tx@, almost surely. Note that Y}Cm represents the total
length of the branches of type i in the forest (F,cp,¢r). Then from the definition of
X in (26) it appears the these compound Poisson processes are stopped at Tx<i> and

that 7, = (7;(1)7 .. .,T,@) satisfies (3).

The fact that (5) is invertible is a direct consequence the first part of the following
lemma.

Lemma 4. Let x = (x,...,x4) € Z¢ and {(xﬁ’j,t >0), i,j € [d]} be a family of
cadlag Z-valued, step functions such that for i 7é J, x4/ =0, x" are increasing,
xg = xi > 0 and x"' are downward skip free, i.e. x;' —x; > —1, for all t > 0, with

Xf)l, = x;. Then there exists a (unique) time t, = (t)gl) . J;@) € Ki such that
d »
xj+ ) x (1)5’)) =0, forall jsuch that 19 < o0, (27
i=1

and if t, is any time satisfying (27), then 1, > .
Moreover, the system

i (Jg2ds) 120, ifi#

i _
4= ) ii t (i) o s
xi+xt( fozs'ds), t>0, ifi=

i

admits a unique solution {(z’ 1 > 0), i, j € [d]} and the system

. d t .
Z[(j) :xj_’_z_xl’] (/ Zgl) dS) , 1 > 07 .] € [d]
py 0
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admits a unique solution (zt(i), t >0, i € [d]). These solutions are cadlag step func-

tions which are functionals of the stopped functions {(xﬁj ,0<t < t)(cl)), i,j€[d]}.
Proof. The proof of the first part of the lemma can be done by applying Lemma 1
to the discrete time skeleton of the functions {(x;’, ¢ > 0), i, j € [d]}, exactly as for
the proof of the first part of Theorem 1, see Subsection 4.1.

Then the proof of the existence and uniqueness of the solutions of both systems
is straightforward. Let 7,, n > 1 be the discrete, ordered sequence of jump times of
the processes {(x;/,t > 0), i,j € [d]} (note that two functions x"/ can jump simul-
taneously). Then for each of these two systems the solution can be constructed in
between the times 7, and 7, in a unique way. [

4.5 Proof of Theorem 3.

Let (kan, k,n > 1) be a family of independent random variables, such that for each k,
Ok , is uniformly distributed on [n]. We assume moreover that the family (6 ,, k,n >
1) is independent of the compound Poisson process X = (X(1) ... x (@),

Then let us construct a multitype branching forest with edge lengths in the
following way. Let ’L',(,l), n > 1 be the sequence of ordered jump times of the
process X(!). We first start with x; vertices of type i € [d]. Let i be such that
xlel) = min{x; "' ) tx! t) < 1Y, j € [d]}. Then we grow the branches issued
from each of the x| +. ..+ x; vertices in the same time scale and at time xfl ‘L’Y), we
choose among the x; vertices of type i according to 0 ,, the vertex who gives birth.

Then the construction is done recursively. Let y; be the number of vertices of
type j € [d] in the forest at time x; 'zl and let ¥ = (¥(V,....¥(@) be such that
YU corresponds to X() shifted at time s; = x;x; 7\, ie. ¥ = XS(I.’L. Then let
r)(/,)l, n > 1 be the sequence of ordered jump times of the process ¥ /), and let k such
that y;lrl(,lfl) = min{y;l’c)(,{l) :x;l’cl(i) +y;'r)(,'f1) < TX(]')7 J € [d]}. Then we continue
the construction of the branches issued from each vertex of type j € [d] and at time

X; 1’L‘l(i) + y,:l Tl(,kf , we choose among the y; vertices of type k according to 6, ,, the

vertex who gives birth. This construction is performed until all processes X ) are
stopped at time 7}(1).
It is clear from this construction that the forest which is obtained is a multitype

branching forest with edge lengths, with the required distribution and such that the
processes Z"/ defined as in Definition 1 with respect to this forest satisfy equation

).
Finally, the fact that equation,

d d
(1) (d) i1 id
Z', ... Z = E X ... E X7 t>0
@z x+< Rzlas & fgzﬁ’)m)’ =

i=1
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admits a unique solution is a direct consequence of the second part of Lemma 4. []
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