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Abstract

A branching process Z is said to be non conservative if it hits co in a finite time with
positive probability. It is well known that this happens if and only if the branching
mechanism ¢ of Z satisfies f0+ d\/]p(N)| < oco. We construct on the same probability
space a family of conservative continuous state branching processes Z©), e >0, each
process Z(®) having ¢¥)(\) = (A + €) — () as branching mechanism, and such
that the family ZE), e >0 converges a.s. to Z, as € — 0. Then we study the speed
of convergence of Z®), when ¢ — 0, referred to here as the explosion speed. More
specifically, we characterize the functions f with lim., f(¢) = co and such that the
first passage times . = inf{¢ : Zt(g) > f(e)} converge toward the explosion time
of Z. Necessary and sufficient conditions are obtained for the weak convergence
and convergence in L'. Then we give a sufficient condition for the almost sure
convergence.
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1 Introduction

Continuous state branching processes (CSBP) have two absorbing states: 0 and oo.
We say that extinction (resp. explosion) occurs if the state 0 (resp. o) is attained in a
finite time. Unlike the extinction properties which have been intensively studied in the
past, the explosion of CSBP’s does not seem to have been the subject of much research.
The extinction and explosion conditions stated in Theorems 2.1 and 2.2 of the following
section, however, reveal a sort of duality between these two phenomena. Our searches
in the existing literature on the explosion of CSBP’s have only led us to very few articles,
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most of them being quite recent: Li[11], Li and Zhou [12], Li, Foucart and Zhou [10]
and some references therein.

Both articles [12] and [10] actually consider the more general case of nonlinear
CSBP’s. In the first one it is proved that when the process is non conservative (that
is when explosion occurs with positive probability) on its event of explosion, it tends
to infinity in a finite time asymptotically along some deterministic curve. This speed
of explosion is also characterised by the speed of convergence of the process of first
passage times toward the explosion time. The second article provides sharper results in
the case where the branching mechanism is regularly varying.

In the present article, we propose a very different way of studying the explosion of
a CSBP, Z, by constructing, on the same probability space, a sequence of conservative
processes (Z(”)) that converges to the process Z. Then instead of considering the speed
of explosion of the process Z itself, we study the speed of convergence of (Z (”)) toward
7. This speed is characterised, on the set of explosion of Z, by the speed of convergence
of the first passage times O’E,,T:) of Z(™ above level v, for some sequence (vy,) that tends
to co. Intuitively, if (v,) tends to co not too fast, then (0—52)) is expected to converge
to the explosion time ¢ of Z whereas if it is too fast, then (J,(,Z)) should tend to co. We
shall study the weak convergence, the convergence in L! norm and the almost sure
convergence. Then we shall see that in the case of weak convergence an unexpected
phenomenon occurs: when the speed of (v,,) belongs to some critical domain, the weak
limit of (aq(,z)) is neither ¢ nor co but the law of ¢ + ¢, where the constant ¢ > 0 can
be considered as some ‘residual mass’. This phenomenon is specific only to the weak
convergence.

There are many ways of constructing a sequence of conservative branching processes
(Z (”)) that converges to some non conservative process Z, but perhaps the most natural
way is to define Z(™) with branching mechanism (™ ()\) := ¢(e,, + ) — ¢(e,,), where ,, | 0
and ¢ is the branching mechanism of Z. This construction is inspired by the exponential
tilting involved in the local convergence of critical or subcritical Galton-Watson trees
conditioned by a large number of individuals, see section 4 in [8] and [1]. For such a
tree whose progeny distribution has generating function g, it is proved in the latter work
that the distribution of the limit tree is given by an exponential tilting §(s) = ag(bs), for
some a, b > 0. Transcribed in terms of Laplace exponent, that is ¢(\) = log(g(e~*)), this
relation corresponds exactly to the Esscher transformation (™) (\) := (e, + \) — ¢(en)
that interests us.

Then this transformation clearly implies the weak convergence of (Z(™)) toward Z.
Moreover, it is possible to construct the sequence (Z (”)) on the same probability space as
Z. This coupling is one of the main results of the present paper. We obtain the sequence
(z (”)) by first constructing an increasing sequence of Lévy processes (X (")) such that
each process X (™ has branching mechanism ¢(™ defined above, so that the law of X ()
is an Esscher transform of the law of X. Then Z(") is obtained by the well known means
of the Lamperti transformation. This construction ensures an a.s. uniform convergence
of X(" toward X and an a.s. convergence of Z(") toward Z in the Skohorod’s topology.

The implementation of these results and their proofs require certain tools such as
fluctuation theory for Lévy processes, which can be found in detail in Chapters VI and
VII of [2] and [5]. We will also draw on certain elements of scale functions theory which
is fully developed in [14]. The knowledge of continuous state-branching process theory
that we will extensively use can be found in Chapter 12 of [9] as well as in the first
chapters of [13].

The next section is devoted to some basic notions on branching processes as well as
the construction of the sequence (Z(™)). Then we state our main results on the explosion
speed of (Z(™) in Section 3 and these results are proved in Section 4.
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2 A family of CSBP’s indexed by the Esscher transform

2.1 A brief review of CSBP’s

A continuous state branching process (CSBP) (Z;, t > 0) is a [0, oo]-valued Markov
process with probabilities (IP,;) satisfying the following property, called the branching
property,

Epy 0, (e72%) = By (e M) E,, (6722, 1,20, A\t > 0.
This property implies that the states 0 and oo are absorbing, see [7]. Moreover there
exists a differentiable function u, : [0,00) — [0,00), called the Laplace exponent of Z,
which satisfies
Ey(e ) = e 2N g X t>0. (2.1)

Then the Markov property yields the following semi-group property of u,,
Ups(A) = wg(us(N)), s,6,A >0,

from which we derive that u; solves the differential equation,

ou
S M+ o) =0 5 u(h) =2, (2:2)
where ¢ : [0,00) — R is the Laplace exponent of a spectrally positive Lévy process (spLp)

that we will denote (X;, ¢t > 0), that is
]E(e_AX‘) =e*N A >0.

We denote by P,, x € R a family of probability measures under which X starts from
x and we set Py := P. The function ¢ is called the branching mechanism of Z. It is a
convex function such that limy_, o, ¢(A) = oo if X is not a subordinator and ¢ < 0 when
X is a subordinator. According to the Lévy-Khintchine formula, ¢ can be expressed as,

1

©(\) = —q+a\+ 502/\2 + / (e —1+ Alyzcny) w(da), (2.3)
(0,00)

where ¢ > 0, a € R, 0 > 0 and 7 is a Lévy measure, that is, since X has no positive jumps,

a measure on (0, co) such that f(o Oo)(xQ A 1)w(dz) < co. We can check that for all A > 0,

us is the unique solution of (2.2) and it is given for all ¢ > 0 by,

A
/ du (2.4)
we () o(u)

Let us now focus on the asymptotic behaviour of CSBP’s. We first define the following
(disjoint) sets,
Aoz{lim Zt:O} and Am:{lim Zt:oo}.
t—o0

t—o0

Note that each of the absorbing states 0 and oo can be attained by Z in a finite or infinite
time. Define the largest root of the branching mechanism ¢ as,

p=sup{A>0: () <0},

and note that p = oo if and only if ¢ is the Laplace exponent of a subordinator. Then the
events Ay and A, satisfy the dichotomy described in the two following theorems, see
[7] and Chapter 12 of [9].

Theorem 2.1. Let Z be a CSBP with branching mechanism ¢. Then P, (Ao U Ay) =1,
for all x > 0. Moreover,

P.(Ag) =e ™ and Py(As)=1—e .
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In turn, each of the events Ay and A, can be partitioned in the following way: the
event A, can be written as the union of two disjoint sets, 4y = Ay U A}, where

Ay = {thm Z,=0 and Z, >0 forall ¢ > 0} and A} = {Z, =0, forsomet >0},
—00
and the event A, can be written as the union of two disjoint sets, A, = AJUAL , where
A7 = {tlim Z, =00 and Z; < oo forallt > 0} and Al = {Z; = oo, for somet > 0} .
—00

Then the following dichotomy holds for each of the events Ay and A,.
Theorem 2.2. Let Z be a CSBP with branching mechanism . Then the following
assertions regarding the event of extinction Aé are equivalent,

du
lp(u)]
(ii) forallz >0, P,(A}) = P,(Ay) = e and p < oo,

(791) forallt > 0, ui(o0) < 0.

(i) There is § > 0, such that/ < 00,
0

Similarly, for the event of explosion Al_, the following assertions are equivalent,

0
d
(j) Thereis 6 > 0, such that/ 2 00,
o lp(u)]
(jj) forallz >0, P,(Al ) =P,(As) =1—e % and p > 0,

(jjj) forallt >0, u(0) > 0.

2.2 Path construction of a family of CSBP’s

Let us first recall the Esscher transform of a spLp. This can simply be expressed from
the Laplace exponent ¢ of the process as follows: for all € > 0, the function

N =N +e)—p(e), A>0,

remains the Laplace exponent of a spLp. In particular, the Lévy-Ito decomposition of ((¢)
reads as follows,

1
e\ = (a +e0? + / z(1—e ) Ly ﬂ(dx)) A+ 502)\2
(O5m)

+/ (e —1+ Melize1y) e m(da).
(0,00)

In terms of martingale change of measure, the Esscher transform of a spLp X with
Laplace exponent ¢ is (the law of) a spLp X (¢) with Laplace exponent gp(f) given by

Eo(F(X), 5 € 0,1])) = B (F(X,, 5 € [0, )Xt #() |

for all t > 0 and all bounded, measurable functional F, see for instance Theorem 3.9 in
[9].

Given the Laplace exponent ¢ of a spLp, through our next result, we show how to
construct on the same probability space, an increasing family of spLp’s {X € e> 0}
such that for each ¢ > 0, X(¢) has Laplace exponent ¢(©).
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Theorem 2.3. Let ¢ be given by (2.3) and satisfying ¢(0) = 0. Let (¢, ),>0 be a decreas-
ing sequence of real numbers such that lim,, £, = 0.

Then on some probability space we can define an increasing sequence of Lévy
processes (X(E"))nzo, each process X (¢#) having ¢¢») as Laplace exponent, and such
that (S(E"))nzo = (X(E"H) — X(E"))nzo is a sequence of independent subordinators that
is itself independent of X (¢°). For each n, S(*») has Laplace exponent,

FE0) = = enda®h [ (1) (T - a2
(0,00)

Moreover the sequence (X (¢»)) converges uniformly over any closed intervals of R,
almost surely, toward a Lévy process X whose Laplace exponent is .

Let us now recall the Lamperti representation of a CSBP with branching mechanism
o from the path of a spectrally positive Lévy process X with Laplace exponent . This is
the mapping defined as follows:

X(It/\T), ifItAT<OO,

0, if I, AT = oo, (2.6)

L(X), == {

Sd
where I; = inf {5 : / X—u > t} and 7 = inf{¢t > 0: X; < 0}. Note that in (2.6), for ¢t > 0
0 u

and X, > 0, both variables I; and 7 can be infinite only if X drifts to co. Then under P,,
x > 0, the process (L(X):, t > 0) is a CSBP with branching mechanism ¢, issued from z,
see for instance Theorem 12.2, p.337 in [9]. Note also that the transformation (2.6) is
invertible and the paths of the process (X;, 0 < ¢ < 7) can be recovered from those of
the process Z.

Let us fix a Laplace exponent ¢ as in (2.3) and a decreasing sequence (g,,) of real
numbers such that lim,, €, = 0. Then on some probability space, we define Lévy processes
X and X (), n > 0 as in Proposition 2.3 and to make our notations simpler, we set,

o™ .= pEn) and XM .= x(n)

Furthermore from the paths of the sequence (X, n > 0) and those of its limit X, we
define the CSBP’s (Z(™), n > 0) and Z through the Lamperti transformation:

ZMW = L(X™), n>0 and Z:=L(X). (2.7)

Given the convergence result obtained in Theorem 2.3, it is natural to wonder if the
sequence (Z(”)7 n > 0) converges toward Z in some sense. This is the purpose of the
next theorem which follows directly from Corollary 6 in [4]. We shall denote by ( the
first hitting time of co by the process Z, that is,

(=inf{t >0: Z; = oo}, (2.8)

where inf ) = oo (according to our notation {¢ < oo} = Al ). Note that under P,, the
processes ZM) n >0 and Z are issued from z as well as X and X, n > 0. Then from
now on, we will only use the probabilities P,, 2 > 0 for the processes X, X", Z and
Z(”).

Theorem 2.4. For all t,x > 0, the family of processes (Z§”>7o < s < t) converges P,-
a.s. on the set {t < ¢} in the Skohorod’s J; topology toward the process (Z;,0 < s <t).
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3 On the speed of explosion of the sequence {Z(" n > (0}

3.1 Presentation of the problem

Throughout the remainder of this article, we will assume that ¢ is the Laplace
exponent of a spLp satisfying the condition,

0
©(0) = 0 and there is # > 0, such that / (3.1)
0

du <

plw)] =%
Then like in the previous section, we fix a decreasing sequence (g,) such that
lim,,- &, = 0 and we construct an increasing sequence of Lévy processes (X ("))
with respective Laplace exponents (™ (\) := ¢(e, + \) — ¢(£,), A > 0, as in Theorem 2.3.
Its limit, X, is then a Lévy process with Laplace exponent ¢. Note that all the processes
X (™) n>0and X drift to co. Recall also the construction (2.7), from the paths of X (),
n > 0 and X, of the branching processes Z() n >0 and their limit Z whose respective
branching mechanism are ¢(™), n > 0 and ¢. We emphasize that, due to the time change
in the transformation (2.7), the sequence (7 (")) is no longer monotone.

From Theorem 2.2 and our assumption (3.1), explosion occurs for the process Z, that
is:

forall z >0, P,(¢ < 00) = P, (Al) =P, (Ax) =1—e% >0,

where ( is the explosion time defined in (2.8). Moreover, it can be seen from the Lamperti
transformation (2.6) that Z explodes in a ‘continuous way’, that is Z,_ = oo, IP;-a.s. for
all z > 0 on the set {¢ < oo}, see Figure 1 below. Let us also point out on the fact that,
from Theorem 2.3, the sequence of sets {7(") = oo} is increasing and tends to {7 = oo},
where 7(") = inf{t >0 : Xf") <0} and 7 = inf{t > 0: X; < 0}. Moreover it appears from
the construction (2.7) that

{¢ < oo} = {7 =o0}.

On the other hand, since for all n > 0, |¢™'(0)| = |¢'(e,)| < oo, Theorem 2.2 implies
that explosion occurs for none of the processes Z("), that is with obvious notation for
alln > 0and x > 0, P,(A%") = 0. Note also that from (3.1), ¢’(0) = —oc, so that we can
assume without loss of generality that ¢'(A\) < 0, for all A € [0, &¢]. This implies that for all
n >0, ™M (0) = ¢ (e,) <0, so that p, :=sup{\ > 0: (™ (\) < 0} > 0. Therefore, each
process Z(™ tends to oo with positive probability. This can be summarized as follows:

forallz >0andn >0, P,(A%") =0and P,(A%) =1 —e %" > (.

Let us now denote by ag(,n) the first passage time by the process Z(") above a level

y > 0, that is

075") = inf{t: Zt(") >y},

and recall that from Theorem 2.4, for all ¢,z > 0, the sequence of non explosive processes
(Zg"), 0 <s<t),n>0, converges P -a.s. on the set {¢t < (} toward the explosive process
(Zs,0 < s <t)in the Skohorod’s J; topology. In order to study the speed of explosion of

the family (Z(™), n > 0), we shall characterise the set of increasing sequences (v, ) such

that lim,, , ., v,, = 0o and for which the sequence of random variables (a,(ﬁ)) converges in

some sense. If (v,) is not too fast, then (aff:)) is expected to converge, whereas if the

speed of convergence of (v,,) is too fast compared to this of (¢,,), then (01():)) should go to

oo. Therefore, there must be a threshold for this speed under which (05:)) tends toward
a non degenerate random variable which is actually expected to be the explosion time (

of Z, see Figure 1 below.
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Figure 1: Z in red, Z(") in orange and Z(™ in blue for n > m.

3.2 Convergence in distribution

In the remainder of this paper, we shall often use the notation,
¢:=—p and ¢ =",

so that ¢ and (") are positive, concave functions on (0, p) and (0, p,,), respectively, where
pn = sup{\ > 0: o™ (\) < 0}. Moreover the sequence of functions (¢(™) is increasing
and satisfies lim,,_,~, ¢(™ = ¢. We denote the Laplace exponent of each process Z(™) by
u™, see (2.1). In all the following statements, the function h : Z; — R will always
satisfy,

(h(n))n>o is a decreasing sequence such that lim,,_,, h(n) = 0. (3.2)

Let us also specify that when mentioning the existence of the limit of a non negative
valued sequence, we mean that it exists in [0, oo].

Theorem 3.1. The following assertions are equivalent:

1. There is a [0, oo]-valued random variable Y such that for all k > 0 and for all z > 0,

(n) (d)
R/ 7oes L

0

du
2. Forallf € (0,p), lim ———— exists.
n=00 Jp(ny ¢ (u)

3. Forallt >0, lim,_ uE")(h(n)) :=l;(h) exists.

under P,, o

When the above conditions are satisfied, the mapping t — l;(h) is continuous and non
decreasing on [0, c0). It satisfies lo(h) = 0 and takes its values in [0, p). Moreover, for all
x > 0, under P,

(d) ) 0 du o du
Y = (+c(h) and nlLH;O h(n)m —/ m—l—c(h),

where the constant c(h) is given by c¢(h) = sup{t > 0: l;(h) = 0}.

Note that under our assumptions P,({ < oo) > 0, hence the random variable Y
involved in Theorem 3.1 satisfies P, (Y = oo) = 1 if and only if ¢(h) = co. The following
remark can be understood as a complement to Theorem 3.1.
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Remark 3.2. Given a constant ¢ € [0,00] and 6 € (0,p), one can always construct a
decreasing function h. such that

0 0
du du
lim = +ec. (3.3)
n=00 Jp, () ¢ (u) o P(u)
To this end, note that the mapping =z — F,( / Qf) deﬁnes a decreasing
bijection from (0 9) to (0,00). Let us denote by Fn its 1nverse Then for ¢ € [0,00), the
sequence h.( ( f ¢ d" ) fulfils condition (3.3) and for ¢ = oo, we can take
for instance h.( ( Ik 9 qféz )
Theorem 3.1 induces the following classification of sequences:
Z = {h:(h(n))n>o satisfies conditions 1., 2. and 3. of Theorem 3.1}
Zy = {heZ:ch)=0}, Zx:={he€Z:ch)=o00}
Z. = {he€eZ:0<clh) <oo}.

We shall prove in Lemma 4.7 below that a sufficient condition for h € Zj is,
lirginf d(h(n) +en)/o(en) > 1. (3.4)

Except in the regularly varying case, see Theorem 3.7 below, it is not clear that the
weak convergence of (ali%(n)) for some k£ > 0 implies this convergence for all £ > 0, that
is h € Zy. However, if this convergence holds when k is replaced by an independent
exponentially distributed random variable, then h € Z, as shown in the following result.
Proposition 3.3. Let e be an exponentially distributed random variable with parameter

L ¢, if and only if
n— oo

1 which is independent of the sequence (Z™), n > 1). Then aé%(n)
h € Z,.

The next results allow us to compare the limits of (05721(”)) and (ai% (n)) according to
the relative behaviours of the sequences (h(n)) and (h(n)).
Proposition 3.4. Let i : Z, — R be such that (h(n)) is decreasing with lim,, ., h(n) =

0. Ifo 57;1(71) ~(—+ ¢ and h(n) < h(n), for all n sufficiently large, then O'Y/L%(n) n(j)oo

Proposition 3.5. Let h € Z and h : Z, — R, be such that (h(n)) is a decreasing
sequence with lim,,_, o h(n) = 0.

1. If h < h, then h € Z and c(h) = c(h).

2. If h € 2, and if h € Z satisfies h(n) < h(n) for all n sufficiently large, then
c(h) < c(h).

3. Ifh € Z, and if h satisfies h(n)

4. Ifh € 2., and if h satisfies h(n)

h(n) for all n sufficiently large, then h € Z,.

<
< h(n) for all n sufficiently large, then h € Z,

We can see in assertion 2. of Proposition 3.5 that if h € Z,, then it is not enough that
h < horh < hto deduce something on h, contrary to what is asserted in parts 3. and 4.
Actually the proof of assertion 2. requires the additional hypothesis that heZ.

The following proposition suggests that the existence of the limit of | logh(n)|/¢'(e,)

as n tends to oo might be a better criterion for the weak convergence of ( than

0

Uk?h(n))
the convergence of / _du
h(n) ¢(n) (u) '

in the regularly varying case, see Theorem 3.7.

as stated in Theorem 3.1. This can actually be proved
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Proposition 3.6.

| log h(n)|

1. If lim = oo, then h € Z,
n— oo (;5’(5”)
h(n
9. Ifh e Zy, then lim 122" _ ¢
n—oo ¢’(gn)

In the case where ¢ is regularly varying at 0, a better criterion allows us to charac-
terize the limit of (o, /L( ))

Theorem 3.7. Suppose that ¢ is regularly varying at 0. Then the following assertions
are equivalent:

log h
1. The limit ¢(h) := lim [1og h(n)| exists.

n—oo @' (ep)

2. Forallk >0, J,(C%( )ﬂ)‘—)C+C( ), thatish € Z.

When these assumptions are satisfied, the constant c(h) is the same as that in Theorem
3.1. Moreover assertions 1. and 2. for ¢(h) = 0 are equivalent to the following one:

(n) (d)

3. For some k > 0, Oh/h(n) "o
n— oo

3.3 Convergence in [; and almost sure convergence

We recall the usual convention 0 x co = co x 0 = 0, so that in particular, if Y is any
non negative random variable, then Y]].{y<oc} is a.s. finite. As we will see in this section,
when h € 2, stronger convergences than weak convergence actually hold. Let us first
notice that the time ¢ admits all its moments on the set {{ < oo}. This result is also
proved in Theorem 3.1 of [12] where the moments of { are expressed in a different form,
see also Theorems 1.5 and 1.6 in [11] where this result is obtained in a particular case.

Proposition 3.8. For alln € Z, and v > 0, E; (("l{c<o}) < 0o0. Moreover for all
ne€Zsy,z>0and >0,

P p
E. (C'iceo)) =2 [ F)"e™dy and E, () o [ e M0y,
0 0

P e—/\x — e PT
where F(y) = [} (;é“ fory € [0, p). In particular, E, ((1{ccooy) :/ Wd)\.
0
As we will show in Subsection 4.3.1, the first passage times JY/"L(n) are integrable on
the set {O’l/h(
Theorem 3.9. Assume that h € Z,. Then for all x > 0 and n > 0, the random variable
is integrable under P,, moreover,

< oo} and we will prove the following result.

(n)
al/h(n) {Ul/h(n)< oo}

(n) L! (lP )
T /nm) Lo) <0} mpon” SLHC<o0}

It follows from Theorems 3.1 and 3.9 that for h € Z,, the convergence in law of
(n)

(n) i i in L1
(al/h(n)) toward ¢ is equivalent to the convergence in L* of (Ul/h(n)]l{cri";z(n)<oo}>

toward (1 ¢cooy-

We also emphasize that if h € Z,, that is if ai’}}l(n) @, ¢+ ¢(h), with ¢(h) € (0, 00),
n—oo

then the convergence in L' of ( T4 /h(n) {‘757;)7,<n><°°}) toward (1;¢<o0) + c(h) would make
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sense only if the constant ¢(h) can be obtained as a functional of the paths of the
sequence (Z(™)) and those of the process Z. This does not seem very realistic and the
constant c(h) may just be an adjustment value that appears in the weak limit, when h
belongs to the critical domain Z.. The same remark obviously holds for almost sure
convergence, below. However, we refer to Example 3.13 where a possible interpretation
of this constant is given.

We now state that under a stronger assumption than that of Theorem 3.9, the
sequence (05721(71)]1{0572(”)@0}) converges almost surely toward (1 (¢ o).
Theorem 3.10. Assume that Y ¢(e,,)/d(en + h(n)) < co. Then for all x > 0,

(n) P,—a.s.
T Lo oo} Tuee T STHe<oc} -

The condition Y ¢(e,)/é(en + h(n)) < co is not a necessary condition for the almost
sure convergence of (Ui’}%m)) to hold. Indeed, take for instance ¢(\) = kX/2, X > 0,

where k is some positive constant. Take also h(n) = ¢, = n~!. Then from Theorems 3.7
and 3.9, there is a sequence of integers (n;);>o with n, — o0, as i — oo such that UY/L;L)(T”)
converges almost surely toward ¢, as i — co. However ), ¢(ey,)/d(en, + h(n;)) = oo.
This provides a counterexample with ¢(\) = kA2, & := e, and h(i) := h(n,).

From Theorem 3.10, convergence in distribution of (O'Y/L?_L(n)) holds, that is h € Zj,
under the condition Y ¢(e,,)/d(en + h(n)) < co. This can be checked directly by applying
Lemma 4.7, see (3.4) above.

We end this section with a related result that provides another way to evaluate
the speed of convergence of the sequence (Z(")) toward Z. Let us give ourselves an
exponentially distributed random variable e with parameter 1 that is independent of the
sequence of Lévy processes (X(”)). For each n > 0, denote by X (") the Lévy process X (")
killed at the independent exponential time e,, := e/h(n). The killed Lévy process X (™) has
Laplace exponent ¢(™ (\) := ©(™ ()\)—h(n). Then we define the sequence Z(") := L(X("),
n > 0 of branching processes obtained from the sequence of Lévy processes X (™) through
the Lamperti representation (2.6). The process Z(™ has branching mechanism 0N
Recall from Theorem 2.2 that Z(™ hits oo in a finite time with positive probability and
from (2.6) this is done through a jump, that is ng)_ < 00, P,-a.s. on the set {5(") < oo},

for all x > 0, where 5(") := inf {t : Zt(") = oo}. Actually, the process Z(™ corresponds

en AT . n
to the process Z(™ killed at the time [ iy, where 7(") .= inf {t X" < O}.

Moreover the hitting time (™) satisfies

(n °r du
C( )]l{f(“’)<oo} :A W]l{en<7'(")}' (3.5)

u
By reinforcing the hypothesis of Theorem 3.10, we can prove that the sequence of
explosion times (C(”)]l{5<n)<oo}) converges almost surely toward (1 (¢ <ocy-
Proposition 3.11. If ) ¢(e,)/h(n) < oo, then for all x > 0,

Z(n P,—a.s.

_ Proposition 3.11 raises the question of the convergence in L' of the sequence
(C(")]l{c—(n)@o}). When X is a subordinator and under the sole assumption that h € Z,
this is a direct consequence of Corollary 4.10. The general case seems much more
delicate.
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Example 3.12. Let us consider the non conservative branching process with mechanism
da(X) = A, for a« € (0,1). The sequence (¢,) being fixed as in Subsection 3.1, we
consider the sequence of levels 1/h(n) = el/ex, for some 3 > 0. By Theorem 3.7,

(d) ¢,
n—o0
e (n) (d)
« if 3=1-q, then ol/h(n)(a) ——(+1/q,
n— oo
(n) (d)
1/h(n)(cu) — +o00.

n— oo

« if 3 <1—a, then UY;Z(n)(a)

e if3>1—aq, theno

Note that from Theorem 3.9, in the first case, the convergence actually holds in L (P,).

Example 3.13. We can derive from (2.1) and (2.2) that foralln > 0and t > 0, IEl(Zt(")) =
e'¥'(en) (see [9] for more details). Then assuming that ¢ is regularly varying and taking
the sequence of levels 1/h(n) := ]El(Zén)) = ee¥'(en), for ¢ € (0, 00), Theorem 3.7 yields

n . n n d
O‘§/2L(n) :mf{t > O,Zt( ) > ]El(Zc( ))} n:—)m) (+ec

This example allows us to interpret the ‘residual mass’ ¢(h) appearing for functions h in
the class Z. as the unique time c(h) which satisfies log h(n) ~ log E; (Zé%)

4 Proofs

4.1 Proof of Theorem 2.3
Let us first write p(¢) as follows,

o) = oA +en) —olen)

1
= <a + en0? + / (1= e ") Tuany w(dat)) A+ 502)\2
(07m)
+/ (e_>"1c =1+ Aelyyeny) e *n(dz).
(0700)

This yields that the difference
PEJQ) = o) =)

= (ept1— sn)a2)\ —|—/ (e_)‘”” — 1) (e_s"“w — e_a”””) 7(dz)
(0,00)
is the Laplace exponent of a subordinator.

Then on the same probability space, define a Lévy process X (¢0) with Laplace expo-
nent »(*°) and a sequence of independent subordinators (S(¢#)),,>o such that for each
n, (=) has Laplace exponent I'é»). Assume moreover that X () is independent of the
sequence (S(")),,~o. Then the sequence of Lévy processes X (») := X (o) 4 5171 G(er)
satisfies the conditions of the statement.

Note that (") := Z;é S(¢) is an increasing sequence of subordinators and that
(") has Laplace exponent, p(») — ¢(=0). Moreover, lim,_,, ¢(**) = ¢. Therefore, for
eacht > 0, (zi”)) converges weakly toward an infinitely divisible distribution having
¢ — ¢(=0) as Laplace exponent. Then for each ¢ > 0, the a.s. limit &, = 33° S of
Zﬁ”) is a.s. finite and has Laplace exponent ¢ — p(%0). Moreover (3;) defines a cadlag
non decreasing process. It is actually a subordinator with Laplace exponent ¢ — cp(fo).
Since for all t > 0, supy <, |95 — 5| = |9 — %, the sequence of subordinators (5(™))
converges uniformly over any closed interval of R, almost surely, toward the process X.
This implies the last assertion of Theorem 2.3 regarding the sequence (X (<)), O
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4.2 Proof of the results in Subsection 3.2 (convergence in distribution)

Recall that ¢(™ = —¢(™, n > 0 and ¢ = —¢ are the branching mechanisms of Z("),
n > 0 and Z, respectively and that (ui”)()\), t,A>0),n>0and (u:(\), t,\ > 0) are the
corresponding Laplace exponents. Let p,, be the largest root of (). Then we first state
some of the elementary properties of these Laplace exponents, a part of which can also
be found in Chapter 3 of [13].

Lemma 4.1.
1. For allt > 0 and n > 0, the mappings A — ugn)()\) and \ — uy(\) are continuous
and increasing on [0, co).

2. For all A € (0, p), the mapping t — u(\) is continuous and increasing on [0, c0).
Moreover it is valued in the set (0, p).

3. Forall X\ € (0,p), there is ny > 1 such that for all n > ny, the mappings t — u,(fn)(/\)
are continuous and increasing on [0, c0). Moreover they are valued in the set (0, p).
4. Let py be the largest root of ¢°). Then for allt > 0 and \ € (0, po), the sequence

(u{™ (A))n>0 is non decreasing and lim, . u{™ (A) = ug()).
Proof. The first assertion follows directly from the definition (2.1) as well as continuity
of the mappings in 2. and 3.

We first prove that for A € (0, p), the mapping ¢ — () is increasing on [0, c0). From
(2.2), %()\)\tzo = ¢(uo(A)) = ¢(A) > 0, so that us(A) > ug(A) = A, for all § > 0 small
enough. Let ¢t > 0, then from the mean value theorem applied to the function A — u.(A),
there is A\s € [\, us(\)], such that,

ur(us(A) = ur(A) = urs(A) —ue(A) = (As)(us(A) = A),

2.
X
where we have used the semigroup property of u;(\) in the first equality. Note that both
us(N\) and A5 tend to A, as 0 tends to 0, hence it follows from the above equality and 1. of
this Lemma that,

us(A) —w(A) 9
sy s e RGALE

Multiplying and dividing the left hand side of this equality by ¢ yields,

oot (A) —w(d) 9 Ouy -1
ti 2= L) (G la) >0,

Hence, %ut()\) has the same sign as %(x\)h:o = ¢(A) > 0. This proves that ¢ — us(\) is
increasing on [0, c0). Then it is clear that for all A € (0, p), u(A) > 0. Moreover u.(\) < p
since %(A) = ¢(ur(N)) > 0.

Recall that p,, is the largest root of ¢("™), then since (qb(”)) is increasing and ¢(™ < ¢,
the sequence (p,,) is increasing and p,, < p. Moreover, lim,_, p, = p, so that for all
A € (0, p), there is ny > 1 such that for all n > ny, A € (0, p,,). Then the proof of 3. follows
this of 2. along the lines.

Let us emphasize that from 2. and 3., for n > n,, ¢(™ has no root between \ € (0, pn)
and u{™ () and ¢ has no root between A € (0, p) and u;()\). Since ¢(™ < ¢(+1) for all n,
we derive from (2.4) that foralln >0, A € (0,p,) and t > 0,

AR CO R CCY w0 gy
[T et [ e [ s
A ¢ (u) Py ¢ (u) ~ Jx ¢ (u)
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Therefore, u{™ () < u{"""()), for all A € (0, p,,). On the other hand, we derive from

u{™ () du ul{™ () du ul{™ () du w®  gu
A B(u) A ) (u) A d(u) — Jumony d(u)

that ugn)()\) < u(A), foralln > 0 and A € (0, p,,). Moreover, since u;(\) < p, we derive
from (4.1) and dominated convergence theorem that for all A € (0, po), lim, 0 ut") (A =
'U/t()\). O

Recall that (h(n)),>0 is a decreasing sequence such that lim,_,., h(n) = 0. Moreover,
with no loss of generality, we shall henceforth assume that 2(0) < po.

Lemma 4.2.
1. Forallt>0andn > 0,0 < u{™ (h(n)) < u,(h(0)) < p.
2. Assume that (ut")(h(n)))nzo converges for all t > 0 and set

L(h) = lim u{ (h(n)).

n— oo
Then the mapping t — I:(h) is continuous and non decreasing on [0, 00). In this
case, we set
c(h) :=sup{t > 0:1;(h) =0}.
(n) ' du

3. The sequence (u; ’'(h(n))),>0 converges for allt > 0 if and only if lim o)
- n=00 Jp ) ¢ ()

exists in [0, co] for some 0 € (0, p). In this case,

6
lim du

o du
—— = ¢(h +/ —— forallf e (0,p). 4.2
n— oo h(n) ¢(”)(U) C( ) 0 ¢(U) ora < ( p) ( )

If ¢(h) < oo, then for allt > c(h),

Tim g™ (h(n)) = e (0):
Proof. Since (h(n)) is decreasing and h(0) € (0, pp), from 1. and 4. in Lemma 4.1, for all
t>0,n>0andk > n, ul” (h(n)) < u{™ (h(0)) < u¥ (1(0)). Then by letting k go to oo
and applying 2. in Lemma 4.1 again, we obtain u{™ (h(n)) < u{™ (1(0)) < u(h(0)). Since
h(0) € (0, po) and pg < p, assertion 2. in Lemma 4.1 implies that u.(h(0)) < p.
Let us now prove assertion 2. Assume that (ugn)(h(n)))nzo converges for all ¢t > 0.

Then from 3. in Lemma 4.1, for all A € (0,p) and n sufficiently large, the functions

t— u,(s")(/\) are increasing, therefore ¢ — [,(h) is non decreasing. Moreover t — [;(h) is

continuous. Indeed from (2.4) applied to ¢>("), foralln>0and 0 < s <t,

/uE")(hm)) du
———— =t—s,
) (hnyy O ()

so that from Fatou’s lemma and the assumption

/lf(”) du uM ) gy,
7§Iiminf/ —t—35.

The continuity of ¢t — I;(h) follows.
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Let us finally prove 3. Assume first that /;(h) = lim,,_, uE”) (h(n)) exists for all ¢ > 0.
If ¢(h) = oo, that is for all ¢t > 0, I;(h) = 0, then by Fatou’s Lemma in

0 0
du / du
T it ———, 0€(0,pn), (4.3)
/h(n) o™ (u) ul™ (h(n)) A (u) (0, 2r)

we obtain, for all 4 € (0, p),

.. 0 du o du
lim inf Y TIAY >t+ —
n—0oo h(n) " ('LL) 0 (u)
0
d
and taking the limit when ¢ goes to infinity implies lim / le) =o0. If ¢(h) < o0,
n—o00 h(n) ) (u
then let ¢ > ¢(h), so that I;(h) > 0. Using dominated convergence in (4.3) yields for all
du o du
0 € (0,p), lim , =t+ / ——, and letting ¢ tend to ¢(h) in this equality,
n=00 Jp,n) ¢ (u) L () H(u)
0 du o du
we obtain by continuity of the function ¢ +— [;(h) that lim / ——— =c(h)+ / —.
n=00 Jp,n) ¢ (u) 0 ¢(u)
This implies that,
It (h) du
—— =t —c(h),
[ s =tmaw

forall t > c(h), that is I;(h) = w;—n)(0).
0

Conversely, assume that lim %
n—00 Jp,ny ¢ (u)

there are two subsequences (v\™) and (w™) of (u{™ (h(n))) which converge toward
v; > 0 and O respectively. Then from dominated convergence in (4.3) where we replaced

u™ (h(n)) by v\™ we obtain,

exists in [0, o] and that for some ¢ > 0,

6 4
du du
lim — =t+ —_—, 4.4)

and from Fatou’s lemma in (4.3) where we replaced u\" (h(n)) by w!™ we obtain,

lim /9 d7u>t+ ediu
n=o0 Jp(n) ¢ (u) ~ o O(u)

This is contradictory, so either any subsequence of (ugn)(h(n))) converges toward a

positive limit, and in this case, from (4.4) these limits are identical, or (uin)(h(n)))
converges toward 0. If ¢ = 0, then ugn)(h(n)) = h(n) = 0 = u((0). Finally, (4.2) follows
by taking ¢t = ¢(h) in (4.4), where actually v; = l;(h) and by recalling that from part 2.,

lc(h) (h) =0. O

In what follows, for a stochastic process Y and ¢t > 0, we use the notation Y, :=
sup,<; Y, for the running supremum of Y.

Lemma 4.3. Forallt > 0andxz > 0,

lim 2™ =7, and lim 2" =7Z,, P,-as.

n—o00 n—0o0
Moreover, on the event {¢ < t},

lim t( y =
n—oo 77\
(2 o0 Zt

1, P,-a.s.
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Proof. Fix t > 0, x > 0 and let (F;) be the filtration generated by all the processes

n : *d . n
XM, n > 0. Define also I\ = mf{s :/ % >t} and 7™ = inf{t : X" < o}.
0o X"

Then for each ¢ > 0, the sequence (It(") A T(")) is an increasing sequence of stopping
times in the filtration (F;), and it satisfies lim,, It(") AT =TI, A7, P,-a.s. Moreover,
X is a Lévy process in the filtration (F;) and it is quasi-left-continuous. Therefore
lim, X (I{™ A 7(M) = X(I, A7), Py-a.s. on the set {I, A T < o}, see Proposition 7 of
Chapter I in [2]. Then from the construction of Z (") and Z,

1z —z,] < sup [X[) - X[ +]X

s<IiAT

1A = XEiarls (4.5)
and from Theorem 2.3, lim, Z\") = Z,, P,-a.s. on the set {I, AT < co}. On the set
{I, A7 = oo}, lim, I™ A 7™ = o0, P,-a.s., so that lim,, Z{" = lim, X (1™ A7) =
oo = Z;, Py-a.s. The proof of the fact that lim,, Zin) = Z, = oo, P,-a.s. follows the
same arguments together with the fact that sup,, |Yin) - X = X; — an), so that
lim,, sup, <, |7§n) — X4 =0, P-a.s. forall t > 0.

Let us now prove the second assertion. First observe that forall0 < m <nandt >0,

Xin) - YEM)

(4.6)

Indeed, write X\ = X{™ 4+ S7", where S™" is a subordinator. Then an) < ng) +
Sy™™, so that

n m < (m) n < (n) m < (m) m m,n ~(m) m,n m
x"ox™ XU XXX s = (X 4 s x
YEH) YEm) Yin)yi(:n) YEH)YE””)

m,n ~-(m)
S - x™)

ygn)yim)

> > 0.

Recall from Subsection 3.1 that we choose £, small enough so that 0 < ¢ (0) = ¢/(e,) <
oo, for all n > 0, and hence ]E(Xl(n)) >0, foralln > 0. Let 6 € (0,1), then from Lemma
2.1 in [12], there exists ty > 0 such that P-a.s., for all ¢ > ¢, Xt(o)/YEO) > 1 - 6 and then
from (4.6) for all n > 0, Xt(n) /Y,En) > 1 — §. On the other hand, note that for all ¢ > 0,
{¢ <t} C {I, AT = oo} and hence lim, I\ A 7" = oo, P-a.s. on the set {¢ < t}. This
yields,

lim:( = lim — (L AT )21—6, P-a.s. on the set {¢ < t},
noZmW o X A )
which allows us to conclude, § being arbitrary. O

Lemma 4.4. Let e be some exponentially distributed random variable with parameter 1
and assume that e is independent of the family (Z(™, n > 0). Fixt > 0 and z > 0.

1. Iflim, o0 wl™ (R(n)) exists, then lim, oo u™ (kh(n)) = limy,_ee u'™ (h(n)), for all
k> 0.

2. Iflim, oo P, (Z\™ < e/h(n)) = e=#©), then lim, o Po(Z") < e/h(n)) = e,

3. limyoe ul™ (h(n)) exists if and only if lim,_, IP$(7§”) < ke/h(n)) exists for all
k > 0 and does not depend on k. In this case, for all k > 0, lim,,_, ]PI(ZE") <
ke/h(n)) = e=4(") where I,(h) := lim,_o0 u\"™ (h(n)).
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Proof. Recall that p, is the largest root of ¢(°). Let § € (0,p0), so that none of the
functions ¢(™) vanishes on (0,). Recall also that h(0) < po. Let k > 0 and n such that

kh(n) < 0 and write
/kh(") du /6 du /0 du
wiy MW Sy 6 W) Seney 0 (u)

Since ¢ is increasing and differentiable,
< fr—

kh(n) du
/h(n) ¢ (u)| M ((kADA(n)  (kAT)¢ (o)

where o, € (en,en,+(kAL)R(n)). Since ¢'(0) = oo, it follows from the above inequality that
. kh(n u s 0 u 0 u

limy, 00 fh(n()” ¢(f>(u) = 0, so that if one of the sequences ([, W) oF (fynm) W)
converges in [0, c0] as n tends to infinity, then both converge and they have the same

limit. Then part 1. follows from part 3. of Lemma 4.2.

|k — 1] h(n) [k —1]

Before proving 2. and 3., recall from Lemma 4.3 that Zt(n) and Zi")

surely to Z; and Z;, respectively. Therefore, for all & > 0,

converge P -almost

limp o0 Po(Z™ < ke/h(n), t < ¢) = Po(Zy < 00, t < () = Py(t < () = e—2u(0)
iy o0 Po(Z\" < ke/h(n), t < () = Pp(Z; < 00, t < () = Py(t < () = e~*u(0)
(4.7)
Then let us prove assertion 2. and assume that lim,, IPI(ZEH) < e/h(n)) = e~ *w(0),
From (4.7) this means that lim,,_,~ IP,;(ZETL) < e/h(n),t > ¢) =0. Then let a < 1 and
write
P, (a2 <e/hn) t>¢) < P (7 <e/hn), 2 /Z" € (a1), 1> )

4P, (Z§"> JZ\ € [a, 1)t > g) .

This inequality together with Lemma 4.3 implies that lim,, . P, (aith(") <e/h(n), t >
g) = 0, so that from (4.7), lim,,_.c P, (a—12§"> < e/h(n)) — ¢~#u(0) But P, (a—lzf’” <

e/h(n)) = E, (e MW7y = ¢=2ui™ (a”'h(m)  and the conclusion follows from part 1. of
this lemma.
Finally let us prove 3. Assume that lim,,_, ]Pr(Zﬁ") < ke/h(n)) exists for all &k > 0

and does not depend on k. Then from (4.7) lim,, ]PI(ZE") < ke/h(n), t > () exists for

all £ > 0 and is equal to lim,,_, o, IP; (Zin) <e/h(n),t > (). Nowlet a > 1 and write

P, (aZ§"> <e/h(n), Z\" /2™ € [1,a],t > g) <P, (73‘) <e/h(n), t > <) . (4.8)
so that from Lemma 4.3,
limsup P, (aZt(") <e/h(n),t> C) < lim P, (ZE") <e/h(n),t > C) . 4.9
n—00 n—00

But since lim,, 0 IP,;(ZEn) < ke/h(n), t > ¢) does not depend on k, replacing h by h/a in
(4.9), we can write

lim sup P, (Zf") <e/h(n), t > g) < lim P, (Z”) <e/h(n), t > c) .

n—oo n—oo

Moreover, the inequality

lim P, (ZE”) <e/h(n), t > 4) < liminf P, (Zt(") <e/h(n), t > g)

n— oo n—roo
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is straightforward. So we have proved that lim,, ... P, (Zt(") <e/h(n), t> () exists. We
conclude from the equality,

P, (Zt(") < e/h(n)) = e—mu" (h(m) (4.10)

Conversely assume that lim,,_, ugn)(h(n)) exists. Then from part 1. of the present
lemma, lim, ugn)(kh(n)) = lim; 00 ut")(h(n)), exists for all £ > 0 and therefore
lim,, P, (Zt(") < e/kh(n)) = lim,, e~7"" (#h(") exists for all k > 0. Then we derive from
(4.7) that lim,,— oo ]Pw(Zt(") < ke/h(n), t > () exists for all k > 0 and does not depend on k.
So from the same argument using Lemma 4.3, developed in (4.8) and (4.9), for all £ > 0,

lim P, (Zt(") <e/h(n), t > c) < liminf P, (Zi’” < ke/h(n), t > g) .
n— o0

n— oo

We conclude from the inequalities,

n—oo n—r oo

lim sup P, (Zi”) < ke/h(n), t > g) < lim P, (Zt(”’ < ke/h(n), t > g)

n—oo

— lim P, (Zt(") <e/h(n), t > 4)

and the equality (4.10). O

Lemma 4.5. Fixx,t > 0, thenlim,, o uf") (h(n)) exists if and only iflimy o P (o)) ) >
t) exists for all k > 0 and does not depend on k. In this case, lim,,_, ]PAU,&%W >t) =
e==(N) where we recall that I,(h) = lim,,_, 0 u{™ (h(n)).

Proof. Let e be as in Lemma 4.4 and note that z — IPI(O'S/LL(H) > t) is increasing. Then on
the one hand, forall § > 0,

Pe(osnm > e’ < /5 Po(0 ) > t)e ™ d2
< /0 Po(ol)) oy > e 2 dz =Pr(alf) ) > 1), (4.11)
and on the other hand, forall d > 0,

Po(0h > 1) < Pu (0l >t e/h(n) < d/h(n)) + Py (e/h(n) > d/h(n))

o/h(n)
d () 00
= /o IPm(oz/h(n) >t)e *dz Jr/d e *dz
< (= NPa(of) iy > )+ (4.12)

Then assume that lim,, oo u{" (h(n)) exists and set lim, o u\™ (h(n)) := I;(h). Recall
that e is as in Lemma 4.4 and note that IPa,(oé%(n) > t) = ]Px(fin) < e/h(n)). Then by

part 3. of Lemma 4.4, for all k£ > 0,

. (n) _ (n) _ —ali(h
dim Po(ag, ) > 1) = lim Po(oy0), ) > 1) =e ", (4.13)
Thanks to (4.13), replacing h by kh/§ (resp. by kh/d) in (4.11) (resp. in (4.12)), we obtain
that for all §,d, k > 0,

—8 1 (n) —aly(h) =N\ Tim (n) —d
e hITILljlolpIPm(O'k/h(n) >t)<e ™M < (1-—e ﬂl?_%lwa(Uk/h(n) >t)+e .
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Taking 6 to 0 and d to co shows that lim,,_ ]Px(al(c%(n) > t) = e @h(h),

Conversely if lim,, ., P, (a,(c%(n) > t) exists for all £ > 0 and does not depend on k,

then replacing h by h/k in (4.11) and (4.12), we obtain,

: (n) -5 . (n) (n)
7}1_}120 Po(0)ny >t < I%IggfIng(ake/h( )y > 1) < hTrLILsolipIP (ake/h(n) > t)

< (1—e™) lim (0 > 1) + e

Taking ¢ to 0 and d to co shows that lim,,_, o P, (Uli,:}il(n) > t) exists for all £ > 0 and does

not depend on k. We conclude from part 2. of Lemma 4.4. O

Proof of Theorem 3.1. Equivalence between 1. and 3. is given by Lemma 4.5. Equivalence
between 2. and 3. is given by 3. in Lemma 4.2. Then still from 3 1n Lemma 4.2 and Lemma

4.5, for all z,t > 0, limy, o Py(0l]) > 1) = limyoe e R0 = ¢ o+ @) =

P, (¢ + ¢(h) > t), which achieves the proof of the theorem. O

Proof of Proposition 3.3. This proof follows from 2. and 3. in Lemma 4.4 and the fact that

P,(Z™ < e/h(n)) = e—vut"™ (V). O
(n) (d)

Proof of Proposition 3.4. Assume that Ol h(n) ¢, that is, for all ¢t > 0,
n— 00

lim,, o0 ]PI(ZE”) < 1/h(n)) = P,(¢ > t) = e *(), Note that we can replace the
exponential time e by 1 in (4.7) so that for all decreasing sequence (f(n)) such that

lim P,(Z\" <1/f(n), t < ¢) =Po(Z, < 00, t < () = Pyt < ¢) = e, (4.14)

n—oo

From the assumption and (4.14) applied to f = h, lim,,_, ]Pw(fin)

Moreover, since h(n) < h(n), for all n large enough,

< 1/h(n), t 2 ¢) = 0.

P, (Z" < 1/h(n), t > ¢) < PL(Z" < 1/h(n), t > C)

so that the left hand side of this inequality tends to 0 when n goes to infinity. Applying

this together with (4.14) for f = h gives gi/z( : <j> c. o

Proof of Proposition 3.5. Let (h(n)) be such a sequence. Then there are k1, k; > 0 such
that for all n sufficiently large, k1h(n) < h(n) < koh(n), so that from 4. in Lemma 4.1,
for all ¢ > 0, u\™ (k1h(n)) < ! (R(n)) < u{™ (kah(n)). Then assertion 1. follows from

Theorem 3.1. To prove the second assertion it suffices to note that lim,, ,, f h(n) ¢(d“ =

™ (u)
¢(h) — ¢(h) > 0. Then to prove part 3. let us write, for 6 € (0, p),

[4 h(n) 0
/ <d>u _/ <d>u :/ <d>u : (4.15)
h(n) ¢ " (’LL) h(n) ¢ " (u) h(n) ¢ " (’LL)

so that taking the liminf on each side gives,

lim ' _du lim sup /5(71) v lim inf ' du
n=00 Jpmy @M (1) nsee Jumy 0™ (u)  nmoe Jiny 00 (u)
But h € Z,, so that lim, fh (n) ¢(n>(u) = 09 ﬁi), moreover from Fatou’s lemma,

lim inf,,— o0 fﬁ(n ¢<">(u) > 09 ﬁﬁ), which shows that lim,, ;oo fh(n) du

h(n) ¢ (w) — =0 and ﬁnally
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from (4.15), lim, oo fh(n) ¢(n)(u fe dﬂ We conclude from Theorem 3.1. For the last

part, note that since ¢(h) = oo, for all ¢ > 0, I;(h) = 0. Then recall from Lemma 4.1 that
A ul™()) is increasing so that for all n, u\" (h(n)) < u{™ (h(n)), which implies that for
allt >0, l;(h) = 0sothat h € Z. O

Let us note the following inequalities which are direct consequences of the concavity
of ¢. Let y be the unique value such that y € (0, p) and ¢'(v) = 0 if X is not a subordinator
and v = oo otherwise. Then for all u € (0,+) and n > 0 such that u + ¢, € (0,7), we have

/ ¢(n)(u) / . .
' (u+en) < — < ¢'(e,,), which can be rewritten as,
1 1 1
< < . 4.16
wg'(en) = 0 () = udl(ut ) @19
Lemma 4.6.
0
du |log h(n)|
1. If Ti , L e (0 then li =0.
i [ =, ey forsome0 < 0.0 romtim 5
1 0
2. If lim m = oo, then lim du__ _ o foralld < (0,p).
n—00 ¢’(5n) n—=0 Jh(n) qS( ( )

Proof. From the assumption and dominated convergence on [a, ), we obtain that for all
€ (0,0),

lim N du /“ du

=00 Jymy @™ (W) Jo du)
On the other hand recall that lim,,_,~ ¢'(¢,,) = co. Then for all @ € (0,7) and h(n) < a,
(4.16) yields,

e 1 1 1 ) @
[ Lot loghm) _, o) 7
nny O () T ¢(en)  F(en) nsoo  ¢'(€n) o o(u)
The first assertion is obtained by taking the limit when a tends to 0 in the last inequality.
Then second assertion is a direct consequence of (4.16). O

Proof of Proposition 3.6. It follows directly from Lemma 4.6 and the definitions of Z and
Z. O
Proof of Theorem 3.7. This proof requires the following additional lemma.

Lemma 4.7. Ifliminf, . ¢(h(n) +&,)/¢(en) > 1, then for all 6 € (0, p),

- o du /9 du
n=00 Jrmy @M (u) Sy B(u)’
that is h € Z,.

Proof. We can assume with no loss of generality that # € (0,v). Then we derive from

9 0
d d
the monotone convergence theorem that lim e e On the other
n—00 h(n) ¢(’LL+ 5”) ¢( )

hand, for all n > 0 such that v + ¢, € (0,6),
0< 1 . 1 _ P(en) < P(en)
T oM)  dluten)  dM(ud(uten) T o (u)d(u)

Moreover, for u > h(n),

B(en) < o(en) _ 1
‘b(n)(u) = #(h(n) +en) — d(en) (h(n) +en)/d(en) — 1

(4.17)
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and from our assumption, there exists C' > 0 such that for all n large enough

1 1 C
Tinn — < .
oo (G ~ sra) <o
Then the result follows from dominated convergence. O

We are now ready to achieve the proof of Theorem 3.7. Assume now that ¢ = —¢
is regularly varying at 0, with index a € (0,1). Then from Theorem 1.7.2b in [3], ¢’ is
regularly varying at 0, with index o — 1.

(n) (d)

We assume first that for all k > 0, o — (+c(h), thatish € Z. If ¢(h) =0

k/h(n)
" . |log h(n)| _
then by Proposition 3.6, lim,,_, W = 0. Now assume that c¢(h) > 0, let d > 0 and
write, !
0 den, 0
/ du :/ du +/ du . (4.18)
h(n) (") () h(n) (") (u) de,, OV (u)

Since lim, ¢((1 + d)en)/o(en) = (1 +d)* > 1, Lemma 4.7 implies that the second term

of the right hand side of (4.18) tends to / ——asn — oo, thatis, n — de,, € Zy. It

follows from Theorem 3.1 that

lim r_du lim /0 du /0 du c(h)
1 = 1 - - — .
n=00 [y @M (u)  nooo \ Sy 6™ (u) Sy, ¢ (u)

Since ¢(h) > 0, for all n large enough, h(n) < de,, and then the inequalities (4.16) yield,

_ dep, _
log dsnl log h(n) < / du < log cfsn log h(n) (4.19)
¢ (€n) h(n) ¢(n) (u) (b (dgn + En)

Moreover, since ¢’ is regularly varying,

. —log h(n) 1—aqp . o —logh(n)

limsup ————= < c¢(h) < (d+ 1) " *liminf ————.

s @(en) (h) < (d+1)7" Imin ¢'(en)
We conclude that 2. implies 1. by taking the limit in this inequality as d tends to 0.

log h
Now suppose that c¢(h) = lim w

that since ¢’ is regularly varying with index o — 1, lim
n—oo @' (e,

for all d > 0 and for all n large enough, h( ) < den Using (4 18) and (4.19) and taking

exists. Assume first that ¢(h) > 0 and recall

|log ey, |

= (. This implies that

the limit when d goes to 0 yields lim / — —|— ¢(h). Then Theorem
n—=00 Jp () ¢
3.1 allows us to derive that for all £ > 0, O'](C/L(n) @ —— (+ c( ). If ¢(h) = 0, then

define the two subsequences (n,) and (m;) such that for all ¢ > 0, h(n;) < e,, and
h(m;) > ep,. For the subsequence nl 1nequahtles (4.18) and (4.19) with d = 1 allow us

to obtain that lim ¢( ) / ——. We conclude from Theorem 3.1 that 2. holds
n Jn(n) O

for the subequence (n;). For the subsequence (m;);en, since, as already noticed above,
m; — €m, € Zo, it suffices to apply part 3. of Proposition 3.5. Then we have proved that
1. and 2. are equivalent in Theorem 3.7.

It is enough to prove that 3 implies 1. Assume without loss of generality that 3. holds
for k = 1. Since for all £ > 0 and all n sufficiently large, kh(n) < \/h(n), Proposition 3.4
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implies that o™ L ¢, for all k£ > 0. Therefore, from the equivalence between
k/\/h(n) n—oo
log v/h 1
parts 1. and 2. of Theorem 3.7, lim M = 0 and hence lim M =0,
n—00 (;5’(5”) n—00 (j)'({—:n)

which is part 1. of Theorem 3.7.

4.3 Proof of the results in Subsection 3.3
4.3.1 Convergence in [

Proof of Proposition 3.8. Denote by P the probability under which X starts from x and
is conditioned to never reach 0. Recall that P, (Z; < 0o) = P,(¢ > t) = e~ *“(?) and the
notation 7 = inf{t > 0 : X; < 0}. Note also that forall ¢t > 0, {7 < o0} C {Z; < >} and
that for all x > 0, P, (7 < o0) = e~**. Then we can write

PL(¢>1t) =Pu(Z; < 00,7 = 00) /P, (T = 0)
e—xut(O) _ e Pz
Therefore, from (2.2), under P], the law of ¢ is absolutely continuous on [0, c0) with

respect to the Lebesgue measure and its density is given by f,(¢) := %{P:W This
allows us to write ©
% xo(ug(0))e” ™
EL(¢"1 = " dt
I(C {C<OO}) ‘/0 1 _ efpgg

The result follows using the substitution u;(0) = )\ and the fact that u;(0) = F~1(t),
where F : y — [/ du/¢(u) is a bijection from [0, p) to [0, c0), together with the equality
Eq (" igcoey) = (1— e EL(C Liccncy). Since [¢/(p)] € (0,00), ¢(u) ~ (p— u)|¢/(o)] as
u 1 p, so that F(y) =,,, O(log(p — y)), which implies that the moments of ¢ are finite.

We show the second equality from same arguments. O

Recall from Subsection 3.1 the definition of (&,), (h(n)), (X(™) and X. Let us also
emphasize that

heZ,

throughout the rest of this subsection. Moreover, in this subsection, we assume that
X is not a subordinator, in particular p € (0,00). Indeed, the proof of Theorem 3.9 is
actually simpler in the case where X is a subordinator and we allow ourself to skip it.
We also recall the notations 7 = inf{¢ : X; <0} and

() = inf{¢ : Xt(n) <0}.

Lemma 4.8. Let ¢ : [0,00) — [p,00) be the inverse of ¢, that is, p o 1»(\) = X and define
(™) 1 [0,00) — [pn, 00) the inverse of ¢\™) in the same way, where p,, is the largest root
of (™). Lete, := e/h(n) where e is an exponentially distributed random variable with
parameter 1 which is independent of (X (™)) and X. Then

en du /p e~ AT _ ew(h(n))z

E, —lieor | = —————dA\, (4.20)
( 0o Xl }> o h(n)+6(N)
en  du Prn o=AT _ e—w(”)(h(n))m

E, / —— L = ) :/ dX\. 4.21)
( o x { ! 0 h(n) + oM (N)
Proof. Let us set X, = inf,;<, Xy, then
Ex(eikX“]l{Tzoo}) = 67>\$E(67)‘X“]l{£u2_x}lpxu (T_z = 00))

_ e_AxE(e_AX1Iﬂ{ﬁuZ*I}IPX“(_XOO < x))

= e VB(e My g (1 — e Kut)),

EJP 31 (2026), paper 73. https://www.imstat.org/ejp
Page 21/32


https://doi.org/10.1214/26-EJP1529
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Explosion speed of CSBP’s indexed by the Esscher transform

since —X  is exponentially distributed with parameter p. Let ¢ > 0 and set e := ¢/¢, so
that e is an exponentially distributed r.v. with parameter ¢ which is independent of X.
Then according to the previous equality,
Eo(e ™l reny) = e ME(e M elix > 03 (1— e P(Xeto)y)
_ 67>\IE(67)\XS]1{§EZ,$}) _ ei()\+p)xE(ei()\+p)X9]]‘{§927.’E})
= e‘”E(e_A(Xe—L))IE(e‘AKeIl{LZ,m})—
e—(A-&-p)xE(e—()&p)(Xe—Ke))E(e—(/\+p)ﬁe]1{leziz}) ,
where the third equality above comes from the fact that X, and X. — X, are independent,

see Th. 5, chap. VI in [2]. On the other hand recall that —X_ is exponentially distributed
with parameter ¢(¢) and that the law of X, — X is given by

= =@ (“wi—:)) ’

see Th. 4, chap. VII in [2]. We derive from above that,

E(e—a(Xe—L))

g
Eo(e Ml rma)) = e‘k””m(e“—ww -1) - (4.22)
—Otp)z & (OFp) =) _q
‘ EPEEE :

On the other hand, note that

¢ du ” du
- — 751/
Ez( ; Xu]l{T:oo}) ( dy ]l{T:oc})
du o—c
= E 1 =K, ]1

Applying this remark and taking ¢ = h(n) in the relation (4.22) once integrated over
(0, 00) with respect to ), yields

00 ()2 _ g-Ao  g=(h(n)s _ g—(\p)e
E, < d“]l{T_oo}> :/ ¢ e e ¢ 4\, (4.23)
0 Xu 0 ¢(A) — h(n) oA+ p) — h(n)

where e, is defined in the statement. We can check that the function f(\)
—¢(h(n)z _ o=z
e e

is integrable over (0, M), for all M > 0 so that

¢(A) = h(n)
/ fA)=fA+p)dr = N}gnw Mf A)d\ — / FA+ p)dA
_ n%ﬁ%(/ FOVAN — /M+p d)\> /f

This gives (4.20) and applying the same arguments to X (™ gives (4.21). O

Lemma 4.9. Lete, be as in Lemma 4.8. Then for all x > 0,

) e du ) en du
nhféoEz( . X, = °°}) = m B (/0 o L= °°}>

< du /” e~ AT _ pmp
= E, )= &Y . (4.24)
( o Xt }> o o
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Proof. Fix x > 0, then the equality lim,,_, o, E, ( Ocn, %1{7:000 =E, (fOOO %]I{T:OOQ
simply follows from monotone convergence. For the other equalities, thanks to Lemma
4.8 it suffices to show that,

; P e=re _ g=w(h(n))z D 1 pr oAz _ o=t (h(n))z i
1m = 1m
n—oo Jo  h(n) + () n—o0 Jo h(n) + (™ (A)

/p e (4.25)

= —_— < 0. .
0 P(N)
. Pn efkmief'w(")(h,(n))m - p e~ AT _o—pu

We shall only prove that lim,, . [; TOLTRIE) A\ = [y “555—dA < oo. The

first limit follows the same lines and is actually easier to obtain. Recall that for all n,
pn < WM™ (h(n)), pn < p and that both sequences (/(™ (h(n))) and (p,) converge to p.
Then write,

Pn o=z _ ew“‘)(h(n))w I\ Pr AT _ g=pnt d\ (4.26)
/o h(n) + S - / h(n) + 6 () |

—pnz ™ (h(n))a /p” dA
et e 'y R T ominy

Note that ¢ (p,) = 0 and hence from the mean value theorem, for all n > 0 and
X € (0,p,), there is o, € (X, pp) such that ¢ (A) = (p, — A)|¢™ (a,)|. But recall that
(pn) is increasing and that lim, p, = p. Since lim,_, ¢ = ¢ and @'(p) € (0,00),
there are ¢ > 0, « € (0,pp) and ng > 0, such that for all n > ng and X\ € (p, — a, pn),
|¢(™)"(X\)| > c. This implies that for all n > ng and all A € (p, — o, p,),

Pn — A -1
S0 <, (4.27)
so that,
/pn B O(log(h(n))) (4.28)
o W)+ () U ' ‘

Moreover, for all § € (0,1) and n sufficiently large,

pn—o d\ Sh(n) d\ Pr=a g
/o h(n) +¢M(\) /o h(n)+¢<”>(A)+/5h<n> pM(A)

Pr=@d\
< (cst)d +/ —_,
(cst) shin) @M (N)

and [Ir " 4% tends to [ -4, since h € Zj. On the other hand, from Fatou’s

Sh(n) ¢ (X) 0 d(N)’
lemma,
/”_‘X dA | ¢ Pn— dA
—— < limin —_ .
0 P(A) T n—oo h(n) 4+ ¢ (X)

Since ¢ is chosen arbitrarily, we derive that

Pn—c d\ P d\
li —_— _— . 4.29
Ry A T EREOIeY / oy <> (4.29)

Then (4.29) together with (4.28) show that [ W = O(log(h(n))). Moreover,
since 1/ (0) = p, and ' (h(n)) — ¥/(0) € (0,00), ¥(h(n)) ~ p+ h(n)/(0), as
n 1 oo and therefore, e=#»% — ¢=¥" (M= 4/(0)h(n) as n — co. Then we can con-
clude that the second term of the right hand side of (4.26) satisfies, lim, (e """ —

— ™ (h(n))z n 1N _
eV D) [ ey = O
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Let us now write the first term of the right hand side of (4.26) as
Pn  L,—AT _ ,—pn Pn—Q —AT _ —ppZ Pn —AT _ ,—pnT
/ Ld)\ :/ ;d)\—l—/ Ld)\,
o Mmoo )+ e T, o hln) T 6N
where « is as above and n is sufficiently large so that p,, — a > 0. Then we prove that
Pn—Q 67)‘1 — e Pn® p—a 6*)\51? — e PT
lim ———d)\ = / —d\
n—oo Jq h(n) + ¢(M(X) 0 B(N)

in }he same way as for (4.29). For the second term, by using (4.27), we obtain that
e e int 1j,,—a,p,](A) is bounded by a constant and we derive from dominated conver-

Pn ef)\z — e Pn¥ P ef)\z _ e pT
lim ————d\ = / ————dA\.
n=oo J, _o h(n) + oM (X) pma  ON)

e (h(n))e xe_—pa
Then we have proved that lim, o [§" & Ah(;?;;(n)((i\() DN = g e Ad)(_/\e)

that fop eﬂ;(_;{pm d\ < oo is a straightforward consequence of the behaviour of ¢ around
p, thatis, 1/¢(A) =0(1/(p— X)), as A T p. O

h(n) T ()
gence that

d\. The fact

Corollary 4.10. Let e, be as in Lemma 4.8 and recall that h € Z,. Then for all x > 0,

°n du LY (P,)
/o g M=y ST (o)

Proof. Let us first observe that from the representation (2.6),

> du
1 = — 1 4.30
(lyecooy X, Hr=h ( )
and write,
°rdu
/0 K re=ee) ~ Cliecoc)

<

e du e du *° du
/o W]l{‘r("):oo}_ | Xu]l{f_oo}‘-F Zﬂ{T:m}

€n

e du e du
< — L ()01 — 1o )
(/0 X&n) { } 0 X { }

e du en du
+< ——1 T=00} T ——1 7(n) =0 )
0 Xu { } 0 Xu { }
> du
+ EH{TZM}
From dominated convergence and Lemma 4.9, the last term of the right hand side
of this inequality tends to 0 in expectation. (Note that since X(™ < X both terms
between parentheses are non negative.) Then the expectation of each of the four terms
between the parenthesis tends to I, (fooo )d(—“]l{Tzoo}), as n — oo. For the first and the
third term, this is a direct consequence of Lemma 4.9. It only remains to check that
lim,, s 00 E, (foe" 31(—“11{7<n>:00}) =E, (fooo %H{T:m}) But again it follows from Lemma

u

4.9 and dominated convergence. O

Let us recall some facts on scale functions that will be useful for the proof of the next
lemma. We refer to [14] for more details. The scale function W™ of X (™) is a continuous
increasing function whose Laplace transform is given by

1

> —\z (n) _
e W (z)de = ————, A>pn. (4.31)
| () e = 15y
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Recall also that this function admits the following representation,
W (z) = ePr® / e Pt U, (du), >0, (4.32)
0

where U, is the potential measure of the upward ladder height process H () of X(), see
(40) in [14]. Note also that from a general result for subordinators, see Proposition III.1
in [2] and inequality (5) in its proof, there is a universal constant C such that,

[1/z — pnl

In particular, C' depends neither on x nor on n.
Lemma 4.11. There is a constant C' € (0,00) such that forallx > 0 andn > 1,

< du
([ St o cunn)) <€

If (x,,) is any sequence such that x,, > 1/h(n) for all n, then

. * du
nh_{%O E,, (/0 X(n)1{T(ﬂ)=oo,X1g")<l/h(7L)}) =0.

Proof. Dividing the expression (4.22) for X (") by ¢ and letting ¢ going to 0, gives, for all
A2 pn,

E </OO e_Aben)Il (n) = du) = et — et — e7nt —em o)
0 {rim=cc} @M (X) e (X + pp)

= / e N (1 — e PnY) (e_p"zW(") (y) — WM (y — x)]l{yZm}> dy, (4.34)
0

where the second equality follows from (4.31) (for X (")). The set of functions y e,
A > p,, for any fixed n > 0, is total in the vector space of continuous functions on
(0,00). Therefore, through classical arguments, we can extend the last identity to any
non negative, measurable function defined on (0, c0). In particular, replacing y ~— e~ *Y

1 .
by y — ;1{y<1/h(n)} gives,

< du
E, (/0 X’ISn)IL{T(")—OO,Xan)<1/h(n)})

1/h(n) 1 _ g=pny
/0 Y (e_p“IW(") () — WM (y — x)]l{yzgc}> dy (4.35)

r 1 —e PrY
N / e W () dy
0 Y

1/h(n) 1 _ g=pny
+/ 72 (e_p"wW(") (y) — WM (y — x)) dy,

where we assume first that z < 1/A(n). Note that the sequence (¢(™ (p,,)) = (¢ (pn +€n))
tends to ¢'(p) < 0. Hence it is bounded away from 0 so that from (53) in the proof of
Lemma 3.3 in [14], there is a constant C that depends neither on x nor on n, such that
w®) (z) < CePr®, for all x > 0. Since (p,,) is increasing and tends to p, we obtain the
bound,

T | _ g=PnY T _ empY
/ eie—pnxw(”)(y) dy < C/ 766—90(:8—3/) dy, (4.36)
0 Yy 0 Y
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and we readily show that the right hand side of this inequality tends to 0 as x tends to
0.

Now let us consider the second term of the last line of (4.35) and apply (4.32) in order
to obtain,

1/h(7’L) _ —PnyY
/ e (w0 ) — Wy — ) dy
x Y

1/h(n) { _ g=pny Y
:/ 1eTe,pnI (/ epn(uy)Un(du)> dy . (4.37)
T y—x

Assume first that z is less than some constant ¢ > 0, that is = < ¢, and write

1/h(n) 1 _ ,—pny y
/ 1676—%06 (/ e"’”("_y)Un(du)) dy
T Yy y—x
l/h(n) 1 _ p—PnY )
[
T Yy y—x
1/h(n) putm | _ ,—py
/ / 78 dy U, (du)
u+tzx 1 — 1/h(n) u+x 1 —
= dy U, (du) + dyU (du). (4.38)

U+T 1 _ePY
1

IN

IN

The function (z,u) — [, dy is continuous on [0, ¢| x [0,1] and from the conver-
gence of X (™ toward X we derive that the measure U, (du) converges weakly toward
U(du). Hence the first term of (4.38) is bounded uniformly in = € [0, ] and n > 0. On the

other hand, an integration by part gives for the second term,

1/h(n) putzx 1— 1/h(n) ¢
/ / Ry < [ Su )
1

u
Y ¢ Un([0,1/h(n)])
= n ’ - 1
[ v au S e, (0.1).
and (4.33) yields after a change of variable,

1/h(n) c 1 v — h( )

Pn n
—U,(du) <C d h(in) —pn) ————— 1 . 4.39
Our assumption on A (i.e. h € Z;) and the fact that lim,, . % = 0 shows that the

term above is also uniformly bounded in = € [0, ¢] and n > 0.
Assume now that x > ¢ and note that the right hand side of (4.37) is less than

1/h(n) —PnT Yy
/ € (/ e Pnlu— y)U (du)) dy

1/h(n) (u+z)A1/h(n) e”“(y u)
— o PnT / / ———dy U, (du) .
Yy

Then on the one hand,

c/2 p(utz)Al/h(n) €p”(y w)
opne / / YU (du)
0 u Yy

Va

c/2 plutz)A1/h(n)—u ePnv

— g PnT

dv U, (du)

0 uVr—u u—+v
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C/2 x ean
e_””’”/ / dv U, (du)
oy UtV

c/2
/ / dv U, (du)
rz—c/2 u+v

< ¢ / o7 V) < V(072

Since U, ([0,¢/2]) converges toward U([0,¢/2]) this last term is uniformly bounded in
xz > cand n > 0. On the other hand,

1/h(n)  p(utz)AL/R(n) opn(y—u)
e PnT / / ———dy U, (du)
Yy

1/h(n) (ut+z)AL/h(n)—u ePnv
=e ”"I/ / dv Uy, (du)
w u—+v

IN

IN

Vr—u
1/h(n) pz ePn? 1/h(n) ePn® _ 1
<e P / / dv Uy, (du) < e_”"x/ — U, (du)
0o U +v c/2 Pl
l/h(n 1
S/ — Up(du) .
c/2 Pnt

But this last term can be bounded uniformly in x > ¢ and n > 0 exactly as in (4.39). Then
we proved that the term in (4.35) is bounded by some constant for all n and = such that
x < 1/h(n).

Now for n and z such that > 1/h(n), the term in (4.35) becomes

T 1 — e PrY
[
0

Y
But then the bound obtained in (4.36) is still valid and gives the result in this case. The
second assertion of the lemma also follows from this argument. O

We define the first passage time above the level 2 > 0 of X (") by
(") = inf{t : Xt(") >z},

Lemma 4.12. Lete, be as in Lemma 4.8. Then, for all z > 0,

. on du L'(P,
lim ]].{T('n,) =oc} g) 0.
n—o00 (n) X
T1/h(n)
Proof. Let us first show that
. du L'(P,)
nh—>ngo (n) W {T("):OO-T(”) <en} n— 00 0. (440)
L Tl/h(n) X’U. ’'1/h(n)

Note that
/e" du du Ty Fen du
(n) =
(n) (n) r(n)= oo,*r <e (n) (n) {T OO}
T h(n) X { Uh(”) n} T h(n)

Therefore, from the strong Markov property, the inequality 1/h(n) < X (™ (71(7,)1( )) P.-a.s.
and Lemma 4.8,

€n du én du
E, 1 . < Ei/nm Ty o
</ oy X =00 }) < o ([ gt
l/h(n)
pn p=dn _ =™ (h(n))n
_ / e e QA
0 h(n) + ¢ ()
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and this last term tends to 0 from Lemma 4.8 and dominated convergence. Hence (4.40)
is proved.
It remains to show that

(n)
. Ti/h(n)  du LY(P,)
lim W () =0, T( n) Se —=0. (441)
n—oo f, X4 1/h(n) 0| m—00

Let us note that

(n)
Ti/h(n)  du * du

]E 7]1 n <]E;1; 7]1 n bl

</ X0 {w}) <Be (S o xi))

and
< du
E, (/e X(n) 1{7’“”-00,Xf;")<1/h(n)})

> du
=E; (1{x£:§>>o} (/O )Cgm]l{r(n)—oo,Xff')<1/h(n)}) © 9%)

< du
=L, (1 () oy By (n) (/ —1, . _ (n) )) .
x20 x| ) o e oo x </mia)
(m) _

From the law of large numbers for Lévy processes, for all m > 0, lim,,_,, h(n)Xe,
]E(Xfm)) = ¢(™'(0) < lim,_eo h(n)Xén) a.s. Since lim,, . ¢(™(0) = oo, we obtain
that lim,,_ o h(n)Xé:) = 00, a.s. Then (4.41) follows from Lemma 4.11 and dominated
convergence. O
We recall the definition of the first passage time above the level z > 0 of Z(");
0:5/,") = inf{t: Zt(n) >a}.

Proof of Theorem 3.9. Thanks to Corollary 4.10 and Lemma 4.11, and using the decom-
position,

e e
( ) n du n d
1/ ) =o0} = / 7y Lirtm=co} ~ / oy Lrtm=co} »
0 X( l/h(n) qu

. n L n
we obtain oi/zl(n)]l{ﬂn):m} = (lf¢<oc}- Now observe that ai/z(n)]l{ﬂn):m} <
P,-a.s. Then we shall conclude by proving that,

(n)
O'l/h,(n)]l{a§7zl(7b><oc}’

. (n) _ T (n) _ )
e (b ) = i B (1 =) - a2
On the one hand, an application of the Markov property allows us to define the process
X(® conditioned to stay positive as follows: for all t > 0 and A € F\"™,

(n)
1—ernXs
]Ex(]lA | 7—(1’7,) = OO) = ]E:E (HW_]IA]].{t<T(n)}> 5

where (]-'t(”)) is the natural filtration generated by the process X("). Extending this
(n)
1/h(n)

()
measurable functional [;/"™ du/X{" = O'Y/L})L(n) in the above formula allows us to write,

and replacing 1, by the F( (m) )-

formula from time ¢ to the stopping time 7 T3/ h(n)

(n) (- ()
—pn X)) ()
]_ — e 1/h( ) (n)
(n)

1 — e—PnZ l/h(n) {0 nmy <7}

(n)
B, ( 1 /h(n)

™ = oo) =IE,
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Then from this relation together with the equality {JY/’%(”) < oo} = {71(7})1(71) < 7™} and

the inequality Xiﬁg) > 1/h(n), we obtain,
1/h(n)

(n)
E, <Ul/h(n) ]I{UY;L(n) <°o}>

- (n)
= Ew (Ul/h(n)ﬂ{T1(7})L(n)<T(n)}>

n (n)
1 —e P 1 _— e—PnX( >(T17h(n)) (n)

B\ T 1= i L), <o

1 (n)
= e A e (Ul/h(n) ﬂ{r(m:oo}) : (4.43)

On the other hand, the relation
{03y < 00} ={T{ gy < 7™M} = {7 = o0} U {7}, < T, 7 < oo}
yields,

(n) (n)
I, (Ul/h(n)ﬂ{T(n):m}) < B, (Ul/h(n)ﬂ{(f(n) )<oo}> :

1/h(n

This inequality together with (4.43) allow us to obtain (4.42) and concludes the proof. O
4.3.2 Almost sure convergence

Lemma 4.13. For all x > 0, there exists a constant C such that for alln > 0,

. ¢
E, (ﬁ/h(n)ﬂ{ﬂ"):m}) = o)

Proof. If X is a subordinator, then Em(rl(;L,)L(n)ﬂ{T(n):OO}) = Ex(rf%(n)), and the result
follows from Proposition III.1 in [2]. If X is not a subordinator, then write

(n) =
I, (Tl/h(n)]l{T("):OO}) < B, (/0 ]1{Xt(")gl/h(n)}]l{T(")_OC}dt> :

As already justified in the beginning of the proof of Lemma 4.11, formula (4.34) may be
extended to the function y — 1, <1 /x(n)}, SO that

Fa (/0 H{XE"’s1/h<n>}ﬂ{f<">—oo})
1/h(n)
= / (1 —e ) (eiP"IW(")(y) —w (y — z)]l{yzgg}) dy.
0

With calculations similar to (4.36) and (4.37), we find that this last term is less or equal
than

Co + / o / u+x<1 — e ) dy Un(du) < ¢, + 2Un([0,1/Rh(n)])
0 u
e (h(n)) = ¢ (h(n))’

where ¢, and c; are constants which do not depend on n and where we used (4.33) for
the last inequality. O

<cptax
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Lemma 4.14. Lete, be as in Lemma 4.8.

P(en) ( (n) )
1. If ————————<oo, then | (X )y —X'(, Te, = converges toward
Z ¢(en + h(n)) ( ) 1(/i)x<n>) tm=och n>0 7
0, IP,-almost surely, for all x > 0.
P(en)
2. If
2 )
n>0

surely, for all > 0.

((Xen — Xé;'f))]l{m:oo}) converges toward 0, IP,-almost
n>0

Proof. Let e be an exponentially distributed random variable with parameter 1 which
is independent of the processes X and X ("), n > 0. To simplify our calculations, let us
denote by (V™ ¢ > 0) the process (X; — X\™,¢ > 0) and recall that from Theorem 2.3,
this process is a subordinator with Laplace exponent ¢ — go(”) and that it is independent
of X(™). Then for all a > 0 and n > 0,

P, (YT({;)) Lirm—oo) > ae) = / e'P, <Y((3> o —oo} > at) dt (4.44)
1/h(n) 0 T1/h(n)

1
> / e, (Yﬂ’z) L r—se) > a> dt>(1—e HP, <Y((fg L rmmse) > a) .
0 T1/h(n) T1/h(n)

On the other hand conditioning by e and then by (71(7})1(70, (M) yields,

P, (Y((Z)) Lrom—oey > ae) =1-E, <€Xp (‘Y(:?) ]l{r(">oo}>>
l/h(n) a ]/h(n)

=1-E,; (eXp (-Y% ) L=} + ]1{T<n><oo})

A Ti/h(n)
=, (( e (/= S(J(n)(l/a))ﬁ/h(n)) j - oo})
and this last quantity is less or equal than (¢(1/a) — go(”)(l/a))Em(Tf7z(n)1{7<,L):OO}). Now
¢(en) b(en) . :
note that —————— < oo if and only if ——————— < oo. Then using the series
2 G h () 2 5 + hi)

expansion <p(1/a) — oM (1/a) = p(e,) + eng’(1/a) + o(s,), the fact that e, = o(¢(c,)),

Lemma 4.13 and the hypothesis gives Z P, <Y((n)) Lirm—ooy > ae) < 00. The result
n>1 1/h(n)

follows from (4.44) and Borel Cantelli’s lemma.
(n)

The proof of the almost sure convergence of the sequence ((Xen - Xe, )1 {Tn:oc})
n>0

toward 0 is very similar, so it is omitted. O

Proof of Theorem 3.10. Let n > 0, recall the expression (4.30) and write J§/h ]l{T<n> 0o}~
¢(1{¢ < >0} as

(n) (n) (n)
Ti/nn)  du T1/h(n) du Ti/h(n) du
kel (n) — _ il -~ _
/0 o) 1{r'" = oo} /0 u]l{T(n)zoo} + /0 - (]].{T(n)zoo} ]l{T:OQ})

< du
— o —1 {r=00} *
T1/h(n) Xu
The last two terms tend P,-a.s to 0 as n goes to oo, from the dominated convergence. For

the first two terms, recall that the process (X; — X, (n) ,t > 0) is a subordinator, so that

(n) X 0 —x™
/Tl/)t(vL) ( 1 B L 1 du < I(/I)L(n) 1(7})1(70 l/h(n) du ]l du.
X {r(M =00} = (n) {r(M =00}
0 Xu u 1nf <o, 7_1(7}3“)] Xu 0
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Then the right hand side of this inequality tends P,-a.s. to O since on the one hand,
P,-a.s.,

(n)
. Ti/n(n) du * du
nh_{%o ; Zﬂ{f(wz):m}du = o Tﬂ{T:m}dU < o0,
Ty ny— T1—
. {r(M) =00} - {r=00}
nh_)néo inf X(n) B infue[O 00) Xy =00
u€[0,71(7’)1(n)] u ’

where we used dominated convergence in the first equality, and on the other hand, from
Lemma 4.14, P -a.s.,

im (X o — X )]1 Wy =0.
n—)oo( Tl(/})b(n) Tl/’)l(n) {r(m=o0}

Then we have proved that lim,, 05%(71)]1{“"):00} = (l{¢cooy, Pyas.

Now using the equality O-y/lzl(n)]l{a”:( <o) = Ui%(n)ﬂ{ﬂ”):m}

together with the fact that lim, 0,

L) oy <rtm rm <oy =

IP,-a.s. allows us to obtain the convergence lim, UE%(H)]I{UW <o} = (lyecooy, Pa-
1/h(n)

a.s. O

O'(n) 1
1/h(n) {7 | <r(m,r(m <oo}

Proof of Proposition 3.11. Let us first write,

S(n e du °n du en du
¢! )ﬂ{§<n><oo} ~ ), Zﬂ{T:m} =/ Lie, <rimy — EH{TZM}

x 0
1 1 ° du
:/O du (Xfﬁ) - Xu> Le, <rtmy +/0 X, (Tge, <romy = Tgr—ocy) - (4.45)

Then from (3.5), the expression (4.30) and monotone convergence, it suffices to prove
that the above term tends almost surely to 0 as n tends to co. The sequence (7("™)) is non
decreasing and tends almost surely to 7. Moreover, for P-almost every w, there is ng
such that for all n > ng, 1) o0} (W) = L{r=o}(w) and since (e,) tends almost surely to
oo, for IP-almost every w, there is nq, such that for all n > ng,

Lo, crom W) = Tge, crmingrace} (W) = Lir—o} (W),

from which we derive that

°r du
li — (1 my — Li—r) =0, P-a.s.
17?1/0 X, ( {en<r(M} { }) a.s

On the other hand, note the bound of the first term in (4.45),
e (n) e
" 1 1 X — Xo n d
/ du( ) > Lo crmy € =2 | G ydu, Paas.
0 X4 Xu inf,ef.e, Xo Jo Xu

Then we conclude from Lemma 4.14 in a similar way to the proof of Theorem 3.10. O
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